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EXPLORING IDEAS 
Lesson 1 
Booklet 7 


STS 


In this lesson you will learn how members of one set can be 


matched with members of another set. 


gh 


Time out for a chat 


You already know some things about 
the natural numbers from your study of 
arithmetic. In earlier lessons you 
worked with the members of the set of 
natural numbers. You used natural 
numbers as replacements for variables 
in conditions, and you solved problems 
about natural numbers. You also worked 
with rate pairs in which the components 
were natural numbers. Finally, you 


A Tom has four concert tickets to sell. 
Suppose that he sells two tickets to Mary. 
How many tickets could he sell to Steve? 
Display 1 shows one way to think about 
this problem. 


B Display 1 shows one way to match the 


members of A with the members of B. Is 
each member of A matched with just one 
member of Bf Is each member of B used in 
the matching? 

tro eteo sold four tickets. Display’? 
shows the tickets that Ed sold and the 
names of the students to whom he sold them. 


Ed sold how many tickets to Joe? 


Sue Betty Bill 


D Have we matched each member of the set 


of tickets that Ed sold with just one 


Mapping, 


learned about different numeration 
systems for naming the natural numbers. 

In this booklet you are going to 
learn more about the natural numbers 
themselves. You will learn how they are 
associated with sets. Then you will 
learn more about the operations with 
natural numbers and the properties of 
the operations. Finally, you will learn 
what is meant by a number system. 


member of the set of students? Is each 
member of the set of students used in 
the matching? 

E look again at Displays 1 and 2. Notice 
that in both displays we have matched, or 
related, tickets with students. Speaking 
in the language of mathematics, we say 
that each ticket is mapped onto a student. 
This means that a member of one set is 
matched with, or corresponds to, a member 
of another set. In Display 1, how many 
tickets are mapped onto Mary? How many 
tickets are mapped onto Steve? Is more 
than one ticket mapped onto a single 
student? The mapping in Display 1 is a 
many-—to-one mapping. We say that set A 
is mapped onto set B. 

F look again at Display 2. How many 
tickets are mapped onto Joe? How many 
tickets are mapped onto Sue? Onto Betty? 
Onto Bill? 

G How do you know that the mapping 
expressed in Display 2 is not a many-to- 
one mapping? The mapping expressed in 
Display 2 is a one-to-one mapping. Set C 
is mapped onto set D. 

H In Display 2 we mapped the set of 
tickets that Ed sold onto the set of 


one-to-one correspondence, equivalent sets 1 


students to whom the tickets were sold. 
Now look at Display 3. Notice the direction 


in which the arrows point. We have mapped 


the set of students onto what set? 


| We have mapped each member of D onto how 
many members of C? Is each member of C 
used in the mapping? Is the mapping a 
many-to-one mapping’ Is it a one-to-one 


mapping? Explain your answers. 


Now you can see that in a one-to-one 
mapping each member of one set is mapped 
onto just one member of a second set. Kach 
member of the second set is used just once. 
J look at Display 4. Have we mapped each 
member of the set of cups onto exactly one 
saucer? Is each saucer used just once in 


races 
DOS 


K Now look at Display 5. Have we mapped 
each member of the set of saucers onto 
exactly one cup? Is each cup used just 


es 
(es 


raw) 


L Are the mappings expressed in Displays 4 
and 5 one-to-one mappings? How do you know? 
M look at Display 6. Explain how it 

expresses a One-to-one mapping of set K 
onto set L. Now imagine that the arrows 
are reversed. Is the new mapping a one- 


to-one mapping of set L onto set K? Explain 


your answer. 


N look again at the mappings 
@® expressed in Display 4 and Display 5. 
Whenever we have a one-to-one mapping of 
set A onto set B, is it always possible to 


have a one-to-one mapping of B onto A? 


Now you know that whenever you have a 
one-to-one mapping of set A onto set B, 
you also have a one-to-one mapping of 
set B onto set A. To emphasize that we 
have two one-to-one mappings, we often 
speak of a one-to-one correspondence 
between two sets. This means that we have 
a one-to-one mapping of each set onto the 
other. 

0 Is the set of saucers shown in Displays 


4 and 5 in one-to-one correspondence with 


the set of cups? 


one-to-one correspondence 
(k6r'9 spon?dens). Two sets, A and 
B, are in one-to-one correspondence 
when there is a one-to-one mapping of 
set A onto set B and there is a one- 


to-one mapping of set B onto set A. 
The set of fingers on one hand can be 
put in one-to-one correspondence with 
the set of toes on one foot. 


P Now look at Display 7. We have used 

one arrow to show that the first bat is 
mapped onto the first baseball, and another 
arrow to show that the first baseball in 
turn is mapped onto the first bat. The 


second bat is mapped onto what member of 


K? The second baseball is mapped onto 


what member of L? 


Q Have we put the set of bats and the set 


of baseballs in one-to-one correspondence? 


A In Display 8 we have used double-headed 
arrows to express the mappings. For each 
member of A, tell what member of B it is 

mapped onto. For each member of B, tell 
what member of A it is mapped onto. Are 


sets A and B in one-to-one correspondence? 


Notice that the 


B Now look at Display 9. 


numerals for set A have been rearranged. 
For each member of A, tell the member of 
B that it is mapped onto. For each member 
of B, tell the member of A that it is 

mapped onto. Does Display 9 show another 


way to put sets A and B in one-to-one 


correspondence? 


? C Can two sets be put in one-to-one 
correspondence in more than one way? 
If so, make a diagram that shows another 
way of putting sets A and B in one-to-one 
correspondence. 
D Now look at Display 10. Is each member 
of A used in the mappings? Is each member 
of C used in the mappings? Have we put 


sets A and C in one-to-one correspondence? 


E Make a diagram similar to the one in 


Display: G tovshow that +{6,.5, 9, 3," 1}.and 


{chair, table, apple, pear, orange} can be 
put in one-to-one correspondence. Then 
show a second way to put the two sets in 
One-to-one correspondence. 
F How many possible ways are there 

S  Ofpputtimg 1a) 20 sh eandste: ib, se} 
in one-to-one correspondence? 
G Which sets named in Display 11 are 


infinite sets? Explain your answer. 


= {Paul, Tom, Dick, Ed, Steve}. 
= {cat, dog}. 


EU el tee oe, 
= Aah be, ud. eh 
EM Oe ele BO) 


H Which of the sets tabulated in Display 
11 can be put in one-to-one correspondence 
with {6, 5, 9, 3, 1}? “Use diagrams to 
help you obtain your answer. 

| When two sets can be put in one-to-one 
correspondence, they are equivalent sets. 
{6, 5, 9, 3, 1} is equivalent to which sets 


named in Display 117° How do you know? 


equivalent sets (i kwiv'a lant). 
Two sets, A and B, are equivalent 


only when they can be put in one-to- 
one correspondence. {1, 2, 3} and 
{a, b, c} are equivalent sets. 


J Is {6,59 3.) 2} an. anf inite/ set? 
Can {6, 5, 9, 3, 1} be equivalent to an 


infinite set? How do you know? 
K look at Display 12. Are Rand 8 


infinite sets? Describe each set. 


SH Oke 2s, Sa Ay 


ROR ieA, ay Bhs 


L Now we will see if we can put R and S 

in one-to-one correspondence. Multiply 
each member of R by 2. What products do 
you obtain? Is each product a member of S? 
M We will map each member of R onto the 
member of S that is the product of 2 and 
the member of R. Does Display 18 express 
this mapping? What other mapping is 


expressed in Display 18° 


N Are sets R and 8 in one-to-one 


correspondence? Are they equivalent sets? 


Now you will see how infinite sets can 
be put in one-to-one correspondence. 
A look at Display 14. Describe each set. 
How do you know that each set is an 


infinite set? 


yey eater ae 


Metin ey are 


B First we will map the members of N onto 
the members of Ek. Is 8 a member of N? Is 
3X2 a member of E? Is 17 a member of N? 
Is 17X2 a member of E? Is 28 a member 
of N? Is 28x2 a member of KE? 
C We will map 3 in N onto 3x2, or 6, 
in KE. We will map 17 in N onto 17x2, 
or 384, in E. We will map 28 in N onto 
28X2, or 56, in BE. For each member of 
N, is the product of that member and bs 
contained in E? (Notice that we have used 
a rule to map members of N onto members of 
E. The rule is: Multiply each member of 
N by 2.) Onto what number should we map 5? 
Zot © 5bO00Tsa 1OLOOte 
D By using the rule mentioned above, is 
it possible to map each member of N onto 
a different member of E? Will each member 
of E be used in the mapping? 
9 E Suppose we choose any number from 
@ N and use x as a variable for this 
number. The universe for x is 
{0, 1, 2,,::*}. What number =? foam 
should we map x onto? 
F Now we will map the members of E onto 
Is 6 a member of k? 


Is 6+2 a member of N? We will map 6 


the members of N. 


Onto .622 Or. oe 

G Is 86a member of E? Is 36+2 a 

member of N? We will map 36 onto 36:2. 

H Is 85 a member of E? Explain your 

answer. 

| What rule have we used to map members 

of E onto members of N? Onto what members 

of N do we map 8? 18? 806? 

J Can we use the same rule to map each 

member of E onto a different member of N? 

K What number from N should we map 

@ <x onto? Now the universe for x is 


£0 Ber bie s 


Time out for a chat 


You already know that set N 
tabulated in Display 14 is the set 
of natural numbers. Set E is the 
set of even numbers. Notice that each 
even number has 2 as a factor. 

Sometimes O is not included in the 
set of even numbers. But 2 is a 
factor of 0, since 0 = 2 X 0 is a true 
statement. Therefore, we include O in 
the set of even numbers. 

The odd numbers do not have 2 as a 
factor. ‘The odd numbers are 1, 3, 5, 
and so on. 


L Have we put the set of even numbers and 
the set of natural numbers in one-to-one 
correspondence? Explain your answer. 
M Are the set of even numbers and the set 
of natural numbers equivalent sets? How 
do you know? 

q N Make a diagram to show that the 

@ set of natural numbers and the set 
of odd numbers are equivalent sets. 

0 Are the set of even numbers and 
@ the set of odd numbers equivalent 


sets? Explain your answer. 


On Your Own 
Notice that, in Exercises 1 through 5, 

two sets are tabulated in each exercise. 
They are named A and B. For each exercise, 
first tabulate a subset of set A that can 
be mapped by a one-to-one mapping onto 
set B. Then make a diagram to express the 
mapping of the subset of A onto B. For 
example, if you use the subset {Mary, Jill, 
Sue} for Exercise 1, your diagram will 
look like this: 

{Mary, Jill, Sue} 

{June, July, August} 

bP bie (Alice » Mary, Jill, Sued 
B = {June, July, August}. 


Usa AG, Bie es, 4, Sa ve 
B = {Sunday, Monday, Tuesday}. 
3 A = {United States, Mexico, Chile}. 
B = {Canada}. 
L A =H, Stn, 3, 4, “See. 
BEMOUY i, 8, 3}- 
5. A= 10, 12, 3, 2_orer 
B= A001), (1 0)) Te) }. 


Two sets are described in each of 
Exercises 6, 7, and 8. For each 
exercise, make a diagram to show that the 
two solution sets can be placed in one— 
to-one correspondence. Use a tabulation 
of each set in your diagram. 

6a txiliges Bhopal Fol 
bane HVE 5} U 

7a (aalend temp Sida Bead 
bith: | p/4yr 12/1} 0 = ¢. 
8a {(x,y) | x/y ~ 8/4 Ay < 16} 
b Bias b) | 47806 a/b A as 45) U 


It 
oe 


\ 


= 
II \ 
mS 


For each set named in Exercises 9 


through 14, find an equivalent set tabulated 


in Display 15. Use a diagram to explain 


your answer. 


£0 Sey veh 


a) lh Se eA 
= "0," Lieneay 4 ae 


9 {red, blue} 

[Qty hens), | Bea 

Ll. 4% | 26 = 0} U=N. 

12a aoe ce ac) 

iO se, ay 

(Y Ue ay) elope LG Aen 35) -ey Tie, 
15 Make a diagram to show that 

{10 100, 1.000, 10,000, >) is equivalent 


to the set of counting numbers. 


EXPLORING IDEAS 
Lesson 2 
Booklet 7 


are properties of sets. 


In this lesson you will learn that natural numbers 


A look at Display 1. Describe each set 
pictured in the display. 

B Can the set of boats be mapped onto 

the set of flags? Can the set of flags be 
mapped onto the set of boats? Explain 
your answers. 

C Can the set of boats and the set of 
flags be put in one-to-one correspondence? 
Is the set of boats equivalent to the set 
of flags? 

D The set of boats can be put in one-to- 
one correspondence with what other set 
pictured in Display 1? How do you know? 

E Is the set of boats equivalent to the 
set of bicycles? Is the set of flags 
equivalent to the set of bicycles? 

F Do the set of boats, the set of flags, 
and the set of bicycles have the same 
number of members? Explain your answer. 

G Select some other objects and tabulate 
a set that is equivalent to each of the 
sets described in Exercise F. 

H Can the set of airplanes be put in one- 
to-one correspondence with the set of 
boats? How do you know? 

| Which set pictured in Display 1 can be 
put in one-to-one correspondence with the 
set of airplanes? Is the set of airplanes 
equivalent to this set? 


6 Natural numbers as properties of sets; 
standard sets of natural numbers 


J Does the set of airplanes have the 


same number of members as the set of 
automobiles? Explain your answer. 

K Select some other objects and tabulate 
another set that is equivalent to the set 
of airplanes. 

L Does the set you tabulated in Exercise K 
have the same number of members as the set 
of airplanes? As the set of automobiles? 
Explain your answers. 

M Is the set of pencils pictured in 
Display 1 equivalent to the set of 
automobiles? To the set of flags? To 
the set of books? Explain your answers. 
N Does the set of pencils have the same 
number of members as the set of books? 
Explain your answer. 

0 Select some other objects and tabulate 
a set that is equivalent to each of the 
sets described in Exercise N. 

P The set whose member is a telephone is 
equivalent to what other set pictured in 
Display 1? How do you know? 

Q Is {Illinois} equivalent to the set 


described in Exercise P? How do you know? 


Now you see that two or more equivalent 
sets that are not infinite have the same 


natural number. Since these sets have the 


Same natural number, we say that a natural 
number is a common property of these sets. 
The natural number of a set that is not 
infinite tells how many members are in 

the set. 

Now let us see how we can associate 
each of the natural numbers with a 
particular set and with all sets equivalent 
to the particular set. 
A look at Display 2. The set tabulated 


there has how many members? What is a name 


for the set that has no members? 


Reminder: When a set has no members, 
it is called the empty set. The set 
of women who have been President of 


the United States is one description 


of the empty set. (See page 21 of 
BOOKLET 1 or page 10 of BOOKLET 6. ) 


; ee} 


B Give another description of the empty set. 


C Is the set of women who have been 
@ President of the United States the 
same set as the set of students in your 
class who are under five years of age? 
Why is each of the sets described the 


empty set? 


Since the empty set is the set that has 
no members, the natural number O is 
associated with the empty set. We will 
use the sentence at 
the right to show that 0=n} t 
the natural number 0 
is the number of members in the empty set. 
The diagram at the top of the next column 
shows how to read this sentence. 

You have learned that you associate the 


empty set with the natural number 0. Now 


"The natural number 0" 


"equals" 


eee ee 


"the empty 
Seta 


"the number of 7 


members in" 


we will choose a particular set to 
associate with the number 1. Since 

numbers are mathematical objects, we 
will choose a set whose member is a 

number. So far O is the only number we 
have associated with a set. let us see 

how we can use the set whose member is 0 
to help us understand the meaning of the 
number 1. 


Describe the set. 


D Look at Display 3. 


E How does { } differ from {0}? 
® How does n{ } differ from {0}? 
Explain your answers. 


F look at Display 4. Describe each set. 


= {Canada}. 


= {quarterback}. 
{a}. 


G Is each set that is tabulated in 


Display 4 equivalent to each of the other 


sets in the display? Is each set that is 
tabulated in Display 4 equivalent to the 
set tabulated in Display 3? Explain your 


answers. 
H Tabulate a set that is equivalent to 
each of the sets that are tabulated in 
Displays 3 and 4. 

| Read the sentences in Display 5 on the 
next page. The natural number 1 is the 


number of members in {0}. How many members 


Pe 


are in each of the other sets tabulated 


in Display 5? 


n{O}. 
n{Canada}. 


n{quarterback}. 


n{a}. 


J What is the natural number of the set 
that you tabulated in Exercise H? How do 
you know? 

K What is a common mathematical property 


of {0} and each set equivalent to {0}? 


Now we will use the natural numbers 0 
and 1 as objects to obtain a set associated 
with another natural number. 


Describe the set. 


L Look at Display 6. 


M look at Display 7. Describe each set. 
Is each set that is tabulated here 
equivalent to each of the other sets 


in the display? How do you know? 


= {France, England}. 
4c ee O-Pk 


{hat, coat}. 


N Is each set tabulated in Display 7 
equivalent to the set tabulated in 
Display 6? How do you know? 

0 Tabulate a set that is equivalent to 
each of the sets that are tabulated in 
Displays. Geanda./. 

P Read the sentence in Display 8. The 
natural number 2 is the number of members 
in {0, 1}. Is 2 also the number of members 


in each set tabulated in Display 7? 


8 


Q What is a common mathematical property 
of {0, 1} and each set equivalent to {0, 1}? 
R In Display 9, what is the natural 


number of each set tabulated? 


Rach of the sets tabulated in Display 9 
ls a standard set. Notice that a standard 
set either is empty or has natural numbers 
for its members. When you think about a 
natural number, you need think only of the 
standard set with which it is associated. 
For example, you should remember that 2.is 
the natural number of {0, 1}. Then, if 
you are working with {Minnesota, Michigan}, 
you know that 2 is also the natural number 
of {Minnesota, Michigan}, since {Minnesota, 
Michigan} is equivalent to {0, 1}. 2 is 
also the natural number of any other set 
equivalent to {0, 1}. 

Now we will see how other natural 
numbers are associated with a standard 
set and with each set equivalent to the 


standard set. 


A In Display 10, describe the set tabulated. 


10 


0; Lye2} 


B look at Display 11. Describe each set. 


Is A equivalent to B? How do you know? 


{Ohio, Iowa, Texas}. 


= {trumpet, drum, clarinet}. 


C€ Is each set tabulated in Display 11 
equivalent to the set tabulated in 
Display 10? How do you know? 

D Read the sentence in Display 12. The 
natural number 3 is the number of members 


mm {0,f4;4%2}. 


Is {0, 1, 2} the standard 


set of 38? How do you know? 


E What natural number is the number of 
members in each set tabulated in Display 11? 
What is a common property of {0, 1, 2} and 
the sets tabulated in Display 11°? 

F What is a common property of {0, 1, 2} 
and each set equivalent to {0, 1, 2}? 

G@ Read the sentence in Display 18. The 
natural number 4 is the number of members 
PC Geee oe ls A0) Leo. Bathe 


standard set of the natural number 4? How 


do you know? 


H Tabulate two sets that are equivalent 
to the standard set of the natural 
number 4. What is a common property of 

the sets that you tabulated? 

| What is a common property of {0, 1, 2, 3} 
and the sets that you tabulated in 

Exereise H? 

J What is a common property of {0, 1, 2, 3} 
and each set equivalent to {0, 1, 2, 3}? 


Now you have seen that a natural number 
is a common property of a standard set and 
all sets equivalent to the standard set. 

K Look at Display 14. For each set 
tabulated, tell what natural number is 


associated with the standard set. 


Notice that the standard set of a 
natural number is made up of just those 
numbers already developed. For example, 
the standard set of 5 has for its members 
the numbers 0, 1, 2, 3, and 4. 

L Tabulate the set whose members are the 
days of the week. 

M look at Display 15. Is the set 
tabulated here equivalent to the set you 


tabulated in Exercise L? How do you know? 


15 


10) dy 273, A paaG; 


N What is a common property of the set 


you tabulated in Exercise L and the set 
tabulated in Display 15° 
0 look at Display 16. The set tabulated 

is the standard set of what natural number? 


How do you know? 


Tabulate 
Of 19. 


P look again at Display 14. 
the standard set of 8 Of 9. 
GT 2. 
Q Suppose m is a variable that can 
@ be replaced by a natural number. 
Tabulate the standard set of m. Describe 
in words how you could form the standard 


set for any given natural number. 


R Now we will collect the natural numbers. 
Look at Display 17. We can describe the 
set tabulated here as the set of natural 


numbers. 


17 


N—(0Fw2.o ee 


S What letter is used to indicate the set 

of natural numbers? Is the set of natural 
numbers an infinite set? 

T Is the standard set of any natural 

@ number an infinite set? Explain 


your answer. 


On Your Own 
A set is described in each of Exercises 1 


through 5. For each exercise, tabulate a 


subset that is equivalent to {0, 1, 2, 3, 4}. 


set’ of rivers 
set of vegetables 
set of furniture 


set of birds 


a —- Ww ND 


set of games 
6 What is a common property of the sets 


that you tabulated in Exercises 1 through 5? 


A natural number is expressed in each 
of Exercises 7 through 12. For each 
exercise, write a sentence that expresses 
the standard set of the natural number. 


For Exercise 7 you should write the 


following: 
13 nO LF See SO, Oe 
Sty MOU Nee 
Leite ela I See 
10 11 i 845 IZ Zt 


Tabulate the standard set equivalent 
to each set tabulated in Exercises 13 
through 22. 


13 {apple, pear, watermelon, peach} 


10 


14 {elm, willow, oak, maple, sycamore, 


walnut } 


15 {sparrow, robin} 


16 {bicycle} 
17 {Washington, 


Jefferson, Lincoln} 


18 {taxi, bus, train, airplane, ship} 


[QotF, XK, oie; 

20} -1 } 

2) te ae 
Crea ae 


22: {aQ bo7G""ds 


by Imiin}? of} 


AGO) Se} 


O, 21, ¥io, “15, 17, 1a 


ett 


é, F, eh h, os > i k, 


In each of Exercises 238 through 382, 


the standard set of a natural number is 


tabulated. 


For each exercise write a 


sentence that expresses the natural 


number of the standard set. 


For exercise 


23 you should write the following: 
11°= n{0)°1;2, 8374575) 6, 7, °8P Dee 


23° 40P Lieraee, 
2 OG areas 
10a Tigeks3 
ZOCOR, porte 
£0, “219 8823 
26° {0, se rres 
LO;RLEP eres 
Lt AGS A at 
LOSOLYY 2S, 
28) 40701792; 483 
29 {0} 
80° (0) 152; #35 
BP ais eLS, 
St AO eee 
Loy Li 13} 
$2200 7 "2, Raho! 


4, 5,°6) 7; 8, Oeaes 
4, Sy, MG oe mere 

13} 

AIS up or peed 
13;°14, Abe aoe 
4yV5, 6,972 Opes 

£OF 14; 815} 

4 YO ee Ss 

13, 14} 


AVOBS  BPE7y AS) 


Aor OS 7B; Sere 

14Y 457426} 

BO iy iy, Opel 
m-1} 


’ 


33 Is the standard set of the natural 


number 5 equivalent to the standard set 


of the natural number 6? 


answer. 


Explain your 


EXPLORING IDEAS 
Lesson 8 
Booklet 7 


Time out for a chat 


In Lessons 1 and 2 you studied 
equivalent sets. You learned that 


every natural number is associated 
with a standard set and with each set 


equivalent to the standard set. 
Natural numbers have many 
characteristics, or, in the language 
of mathematics, they have many 
properties. In this lesson you will 
learn about some of these properties. 


You have often used the ideas of "is 
less than" and "is greater than." Now 
that you have studied about equivalent 
sets, it is possible to state exactly what 
these ideas mean. But first you must 


learn more about subsets. 


Reminder: If each member of one set 
is also a member of a second set, then 
the first set is a subset of the 
second set. (See page 7 of BOOKLET 1 
or page 3 of BOOKLET 6. ) 


A look at the sets tabulated in Display 1. 
Is each member of {cat, dog, lion} a member 
of S? How do you know that {cat, dog, lion} 


is & subset. of cS? 


S = {eat, dog, lion, tiger}. 
{cat, dog} 
{tiger, dog} 


{cat, dog, lion} 
{tiger} 


{cat, lion} 


B Does {cat, dog, lion} contain all the 


members of S? 


You know that {cat, dog, lion} is a 
subset of S. You also know that {cat, dog, 
lion} does not contain all the members of 


S. We call {cat, dog, lion} a proper 


of natural numbers. 


In this lesson you will learn about some of the properties 


subset of S. When a subset does not 
contain all the members of a set, that 
subset is a proper subset. 
C Is 4cat, dog} a subset of S?P!i1s 
{cat, dog} a proper subset? How do you 
know? 
D Which of the other sets tabulated in 
Display 1 are proper subsets of S? Explain 
your answer. 

E Is each member of {dog, cat, 

? tiger, lion} a member of S? Does 
{dog, cat, tiger, lion} contain each of 
the members of S? Is S a subset of 
itself? Is S a proper subset of itself? 
How do you know? 

F Is {0} a proper subset of {0, 1}? 
How do you know? 
G Tabulate four proper subsets of the 


standard set of 3. 


Now we will use the ideas of proper 
subset and standard set to learn about 
the ideas of "is less than" and "is 
¢éreater than." 

H look at Display 2. Is the standard 
set of 1 a proper subset of the standard 


set of 2? How do you know? 


n{Or .2}% 
ni OS Stee ys 


| Is the standard set of 2 a proper 
subset of the standard set of 8? How do 


you know? 


Ordering of natural numbers; ordering as reflected 11 


on a number line; 


betweenness and successor properties 


J We will agree that a number is less 
than another number only when the standard 
set of the first number is a proper subset 
of the standard set of the second number. 
How do you know that 1 < 2 is a true 
statement? How do you know that 2 < 3 is 
a true statement? 

K The inequality 2 >1 is the same 
relationship between the numbers 2 and 1 
as is the inequality 1 < 2. We say that 

2 >1 gives us the same information as 

i <2. Rother words, 22 7 meanswir<12: 
Does the inequality 3 > 2 give us the same 
information as 2 < 3? 

L Tabulate the standard set of 4. Is 

the standard set of 3 a proper subset of 
the standard set of 4? How do you know? 

M Which number is less, the number 3 or 
the number 4° How does your answer to 
Exercise L help you answer the question? 

N Is 3 < 4a true statement? What other 
inequality gives us the same information 
ase sare? 

0 So far we have shown that 1 < 2, 2< 2, 
and 3 < 4 are true statements. Now let 

us see why 4 < 5 is also a true statement. 
Tabulate the standard set of 5. Now 
explain why 4 < 5 is a true statement. 

P What other inequality gives us the same 
information as 4 < 5? 

Q, Is'5 <= 6G-avtrue statement? “Explain 
your answer. 

R What other inequality gives us the same 


information as 5 = 6% 


We can continue in this way to show that 


Ci. sh eel ost Sp Bis 9, anid Somon genet eaurie 
statements. Now let us use variables to 
make conditions for inequalities that 


refer to the natural numbers. 


12 


A ‘Two conditions are expressed in Display 
3. Use 7 as a replacement for a, and 8 as 
a replacement for b in these conditions. 
From which condition do you obtain a 


true statement? 


Universe for a and 6 = 
ee Mes epee 


The standard set of a is a proper 


subset. of -the standard-set o1°o. 


The standard set of b is a proper 
subset of the standard set of a. 


B Now look at Display 4. Use 7 as a 
replacement for a and 8 as a replacement 
for b. From which condition will you 


obtain a true statement? 


C: Look again at Display 3.9 Use 20 far 
a and 9 for 6. From which condition do 
you obtain a true statement? 
D Using 10 for a and 9 for b, from which 
condition expressed in Display 4 do you 
obtain a true statement? 
E. For any members of ${1)925n3 ine 

@ that are replacements for a and 6, 

when will you obtain a true statement 


f POM wae Dar 


Time out for a chat 


Now you know what is meant by 
a < 6 for each replacement of a and 
Mea «2 ie WY mazda ee CCR 8 Vas Ba ae 
however, we have not included the 
number zero in our universe. We will 
agree that zero is less than each of 


the other natural numbers. Later, 
as you progress in your study of 
mathematics, you will see how the 
empty set can be used in deciding 
that zero is less than each of the 
other natural numbers. 


Now you will learn how the idea of 
"is less than" can help you think of the 
natural numbers in a special order. 
Bere.) = 1 l0bte 2) 0nse8; of. Si4imand 
0 < 5 true statements? 
G Tabulate {x | 0 < x}. 
W weters) $32). 155 dreds -24, ‘ander! =o 


U = N., 


true statements? Use standard sets to 
explain your answer. 

fer abulate: dex|ode<at}. ovii=adle 

J Is the number 1 less than each of the 
other natural numbers except O* 

K Tabulate the solution set of 2 < x. 
U=N. Is @ less than each of the other 
natural numbers except O and 1? How do 
you know? 

L We can continue in this way to order 
the members of the set of natural numbers. 
Oiis first, since. 0.is the least natural 
number; then come 1, 2, 3, and so on. 

Will each number be less than each of the 
numbers after it? 

M Now look at the graph of the set of 
natural numbers in Display 5. The point 


farthest to the left is assigned to what 


number? Is this the least natural number? 


N Is point 1 immediately to the right of 


point 0? Is 1 less than each of the other 
natural numbers except 0? 

0 Is point 2 immediately to the right of 
point 1°? Is 2 less than each of the other 
natural numbers except O and 1? 

P Why do we locate point 3 immediately 

to the right of point 2? 

Q The number 4 is assigned to the point 


that is four units to the right of point O. 


What number is assigned to the point that 
is seven units to the right of point 0? 
Ten units to the right of point O? Is 0 
less than each number? 
R Is the position of point 0 to the left 
of the positions of the points assigned 
to numbers greater than Of 
S How is the position of point 1 related 
to the positions of the points assigned 
to numbers greater than 17 
T How is the position of point 2 related 
to the positions of the points assigned 
to numbers greater than 2? 
U If we obtain a true statement 

@ from the condition a < 6b, how is the 

position of point a related to the position 


of point 6 on the number line? JU = NW. 


Since the natural numbers can be arranged 
in a special order by using the idea of 
"is less than," we say that the natural 
numbers have the property of order. Hach 
number in the order 0, 1, 2, and so on, is 
less than each of the numbers that follow. 
A graph helps us think about this order. 
Now we will use a graph to help us discover 
two more properties of the natural numbers. 
A Look at Display 6. What number comes 
next after 7? Next after 37? Next after 
O? Next after 5000? 


6 
6 —-@__@_®@__@_6__@__©_®—e@--- 


Deel ace Set Oueby! agGreee 13 


B Does each natural number have a 

natural number that immediately follows 
it? If so, how could you find this number 
for any give natural number? 

C The number that immediately follows a 


given number is the successor of the 


13 


given number. What is the successor of 5? 
Of O? Of 738,925? Does each natural 
number have a successor? 
D Is it possible for two different 
® natural numbers to have the same 
successor? Explain your answer. 


E Is there a natural number whose 


@ successor is Of Explain your answer. 


F Suppose a set of natural numbers 
@ contains O and the successor of each 
of its members. Will this set contain 


all the natural numbers? 


Since each natural number has a successor, 


we say that the natural numbers have the 
successor property. 

G Now look again at Display 6 on the 
preceding page. let us think of points 
between two given points on the number 
line. What points are between point 5 
and point 10? Does each of the numbers 
assigned to these points satisfy the 


compound condition 5)<.x A-x'< 107 


Explain your answer. Tabulate {x | 5 <x A 


x < 10}. The universe is W. 
H Now tabulate the set of numbers whose 
points are between point 8 and point 16. 
Is this set an infinite set? This set 
is the solution set of what compound 
condition? 

| Think of any two points on the 


@ number line; then tabulate the set 


of natural numbers whose points are between 


the points you chose. Is this set an 
infinite set? What compound condition is 
satisfied by the numbers whose points are 
between the points you chose? 
J Is there a natural number that 
e is ¢reater than 7 and less than 8? 


Explain your answer. 
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K Suppose that the natural numbers 
® are arranged in order according to 
the idea of "is less than." Tabulate the 

set of numbers between 10 and 11. 

You have seen that the natural numbers 
have the successor property. You have 
also seen that it is possible to determine 
how many natural numbers are between any 
two natural numbers. It is said that 
natural numbers have the property of 
betweenness. 

Later on you will study numbers that 
are not natural numbers. Then you will 
notice that each of these numbers will 
not have a successor, and you will not 
be able to determine how many numbers are 
between any two of them. Not all kinds 


of numbers have the same properties. 


On Your Own 
| Tabulate three proper subsets of each 
of the following sets. U = N. 
a 10, fe ee 
b {x | x +3 < 9} 


e (( 152 )0F Chater 49} 
d tn). bniat605 
e igre prea 


f {4° | oe Se} 


For each ordered pair named in 
Exercises 2 through 7, tell whether the 
standard set associated with the first 
component is a proper subset of the 


standard set associated with the second 


component. 
2) {639} Y (15,10) 6 025 11) 
3» (33%) 5 (11,9) 7+ CPOG4) 


8 Which of the ordered pairs named in 


Exercises 2 through 7 are members of 
{ (i 7} hae 16 -yhPi Te LOWS 


9 Is {(x,y) | x < y} the same set as 
{(x,y) | y > x}? How do you know? 

U=NX NW, 

10 What is the successor of the successor 
Sag 


EXPLORING IDEAS 
Lesson 4 
Booklet 7 


In the first three lessons of this 
booklet you learned that natural numbers 
are associated with sets, and you 
ordered the natural numbers. 

The set of natural numbers is a part 
of the natural number system. In this 
booklet you will learn what is meant by 
the natural number system. To prepare 
for this, you will first learn about 
sums and products of natural numbers. 

Then you will learn about addition and 
multiplication of natural numbers. 

Finally, you will learn about the 
properties of addition and multiplication 
that are a part of the natural number 
system. 

A Three sets are tabulated in Display 1. 
Is Joe a member 


Joe is a member of set T. 


of Set °R?* Of set 8S? 


| 
R= {Joe, Ed, Sally}. 


Dire caliy arin, “Bi ligy 
Toe, hd, coally, Ann, Sil: 


B For each member of T, tell whether 
that member is also in R, in 8, or in 
both R and 8. 

C How have we used set R and set 5S to 
obtain set T? We call set T the union 


of R and 8. 


1! Suppose the natural numbers are 
arranged in order. Tabulate the set of 
numbers between 9 and 21. 

12 Tabulate {x |0< x Ax < 14}. 


13 Tabulate {x | 35 < x A x -< 36}. 


U.= N. 
U=N. 


In this lesson you will learn about the sum of two natural 


numbers and the difference of two natural numbers. 


union (un'yen). The union of set A 


and set B is the set of all members 
of A together with all members of B. 


It does mot include any other objects. 
(if = 0 fe i} and. b= to oes 
then the union of A and B is 

10 eal, wage ea tt 


Will Hong Kong 


be a member of the union of K and L? Will 


D Now look at Display 2. 


Rome be a member of the union of K and L? 


Explain your answers. 


K = {Berlin, Paris, London}. 


L = {Hong Kong, Tokyo}. 


E Is {Berlin, Parts, London, Hong Kong, 
Tokyo} the union of K and L? How do 

you know? 

F How do you know that {London, Hong Kong, 


Tokyo} is not the union of K and L? 


KUL 


set that is the union of K and L. Now 


G The symbol at the right is 
read "the union of K and L." 


This symbol is a name of the 


read the sentence in Display 3 at the top 
of the next page. 

H Does the sentence in Display 3 express 
a true statement? How do you know? 

| Now look at Display 4 on the next page. 


Tabulate each set named. U= WN. 


Union of sets; sum of two natural numbers; 15 
difference of two natural numbers; closure 


property of addition of natural numbers 


KUL = {Berlin, Paris, London, Hong Kong, Tokyo!. 
‘i s 


\ 


"The unton of K (tos €GUual co 


and Ih 


Reminder: The members of set B named 
in Display 4 satisfy a compound 
condition. The compound condition 

is made up of the simple condition 

2x < 30 and the simple condition 

x > dl. . Theasymbol fori tand tala) 
means that each member of set B must 
satisfy both simple conditions in 


the compound condition. (See 


"the set whose "Berlin, Parts, London, 
members are" 


Hong Kong, Tokyo.” 


N Look again at Displays 1 and 2. Are 
the members of R entirely different 

members from the members of S? Are the 
members of K entirely different members 


from the members of L? 


If two sets have entirely different 
members, the two sets have no common 
members. When two sets have no common 
members, no object is a member of both 


sets. 


pages 49 and 71 of BOOKLET 3 or 


pages 28 and 29 of BOOKLET 6.) 0 Look again at Display 4. Do set A and 


set B have common members? ‘Two sets like 


A and B that have no common members are 
{x [Sar <eS 


disjoiuntasets: 


fae | Ber <S BO eer es 


P Which of the sets tabulated in 


Display 1 are disjoint sets? Are the sets 
J Will 11 be a member of the union of A 


and B? Will 2 be a member of the union? 


tabulated in Display 2 disjoint sets? How 


do you know? Which of the sets tabulated 


Explain your answers. in Display 5 are disjoint sets? Explain 


K Tabulate the union of A and B. Is the your answer. 


symbol A U B a name for the set that you 
tabulate? disjoint sets (dis joint'). Two sets 
Bore ae ee ie = Sw are disjoint sets only when the sets 
have no common members. {0, 1, 2} 


a true statement? How do you know? 


and {3, 4, 5} are disjoint sets. 
{0, 1, 2} and {2, 3, 4} are not 
disjoint sets. 


{Mexico, Puerto Rico, Spain}. 


= {France, Spain}. 0 Are {0;. 1} and.{2, 4) disjointysete? 


= {Mexico, Puerto Rico, 


Tabulate the union of these sets. What 
Spain, France}. 


number is associated with the union of 


40, Ljeand {Z; 439 


9 M A= {2, 4, 8, 16}. Tabulate 


@ AUA. Remember that in tabulating R Are {0, 1} and {0, 2} disjoint sets? 


a set we list the name of each member Tabulate the union of these sets. What 


just once. number is associated with the union? 


16 


Now let us see how the natural numbers 
of two disjoint sets are related to the 
natural number of the union of the sets. 
A Are the sets tabulated in Display 6 
disjoint sets? For each set tell what 


number is associated with the set. 


6 


ah ee) e 


BO aah 


B The symbol at the right is 

read "the number of members n(A) 
in set A." Look again at set A 

tabulated in Display 6. Are n(A) and 

n{1, 3} the same number? How do you know? 
C Now read the sentence in Display 7. 
Does the sentence express a true statement 


about set A named in Display 6° 


n(A). 


"Two" -"1s,equal to! "the number 
of members 
iid” 


D The symbol at the right 


is read "the number of 


n(A UB) 


and B." Tabulate A U B for the sets named 


members in the union of A 


in Display 6. 


E You know that the number 2 is associated 


with set A and that the number 3 is 
associated with set B. Which sentences 


in Display 8 express these statements? 


A Peta Ady 


| OE ee 1 ee 
Ce Oi sac ert (A al.) (BE 


You also know that A and B are disjoint 
sets. The natural number associated with 


the union of A and B is the sum of the 


number 2 and the number 3. The sum is the 
number of members in the union of A and B. 
The number 2+3 is the sum of 2 and 38. 

F Now read sentence C in Display 8. Is 
2+3=n(A UB) a true statement? 

G Look at Display 9. How do you know 


that E and F are disjoint sets? 


= {Kentucky}. 


= {Florida, Georgia, Alabama, 
Louisiana, Texas}. 


H Tabulate FU F. 

| Read each sentence in Display 10. Does 
each sentence express a true statement for 
the sets named in Display 9? The sum of 

1 and 5 is the number associated with 


what set? 


J Look again at Display 6 and Display 9. 


Two disjoint sets are named in each 
display. Is the sum of the number 
associated with A and the number associated 
with B equal to the number associated with 
the union of A and B? How are the numbers 
associated with E and F related to the 

number associated with the union of E 


and F? 


You have learned that the number 
associated with the union of two disjoint 
sets is the sum of the numbers associated 
with the disjoint sets. Now let us use 
variables to help us make a definition of 
sum. We will begin by letting S and T 
represent any two disjoint sets that are 


associated with natural numbers. 


17 


K If 3 is associated with S, *and 4:is 
associated with 7, then 3+4 is the number 
associated with what set? 

L Now suppose that 5 is associated with S, 
and 9 is sadoehated with T. The sum 5+9 
is associated with what set? 

M Now let us agree to associate s with 
set S and @ with set T. The universe for 
s and t is N. After replacement, the sum 
stt will be the number associated with 


what set? 


sum of two natural numbers (sum). 

The universe for s and t is N. 

Suppose that s is associated with 

set S, and t is associated with set Tf. 
If S and T are disjoint sets, the sum 


stt is the number associated with 

S Webi, WESS ilo LG Ae /oeane 

T= {51, 52}, then the sum of 8 and 
2, 3+2, is the number associated 
EAS A tent Sa et I oh Ss SE hs SR 


Notice that in the definition of sum 
we say that the sum st+t is the number 
associated with S UT. Of course, we mean 
the sum we obtain from s+t by replacing s 
and t by natural numbers. 

When we use variables we often speak 
of them as if they were numbers. But we 
must always remember that we are talking 
about the numbers that we obtain after 
replacements. It is for this reason that 
we must always specify our universe. 

Variables make it easy for us to think 
about such ideas as definitions and 
properties without using specific examples. 
N Tabulate two disjoint sets, G and JZ, 
so that 5 = n(G) and 9 = n(A). 


GU4, 


Tabulate 


0 The sum 54+9 is the number associated 
with what set that you tabulated in 
Exercise N? Is 5+9=n(G UA) a true 


statement? 


18 


P Suppose that A = {16, 17, 18, 19} 
@ anavB el418) 198 BOSs2ivi2ep i ae 
4+5 the number associated with A U B? 


Explain your answer. 


Time out for a chat 

In this lesson you have learned 
what a sum is. You used the symbol 
for "plus" to express a sum. When 
you write the symbol 3+4, you indicate 
you are thinking of the number 3+4 as 


a sum of two natural numbers. 


When you write the symbol 3+4, you 


have already added the number 8 and 


the number 4. When you write the 
sentence 3 + 4= 7, you are expressing 
the sum of 3 and 4 in two different 
ways. Now let us use the idea of 
equivalent sets to show that 344 and 
7 are the same number. 

You know that 3 = n{a, 6, c} and 
4=n{d, e, f, g} are true statements. 
From the definition of sum you know 
that 3+4 is the number associated with 
{aiyo, ory dite, £, ch “etepabetcree 
e, f, g} is equivalent to the standard 
set {0,p<h, =2,!) 314, 5, \6).'e The nunbee 
associated with this standard set is 
7; therefore, the number associated 
with, (a, 5, seyindy exiaf deg? tesalsdee 
Since just one number is associated 
with a set, 7 and 3+4 must be the 
How do you know that 


same number. 


2+4 and 6 are the same number? 


Now you will learn something new about 
addition. You will see that addition is 
a special kind of mapping between two sets. 
A On Monday Jack answered nine questions 


correctly on a history test. On Friday 


he answered eight questions correctly on 


We can think of Jack's 


(9,8) 


refer to? What does the second component 


a history test. 
scores as the ordered pair 
named at the right. What 


does the first component 


refer to? 


Reminder: An ordered pair is a pair 
of objects that occur in a special 
order. The object that occurs first 
is called the first component. The 


object that occurs second is called 


the second component. (See page 3 
of BOOKLET 3 or page 35 of BOOKLET 6. ) 


B Now look at Display 11. The chart 
shows the names of Jack and some of his 


classmates and expresses the scores they 


made on the two history tests. 


Nancy | Marie 
OR Pedi]: Lows]e ao>s0| 
PRB pity |2 x0 fe tira 


C We have used (9,8) to represent Jack's 


scores. What ordered pair represents 


Nancy's scores? Marie's scores? Roger's 
scores? 

D Now look at Display 12. Is 5S the set 
of ordered pairs representing the scores 


made by Jack, Nancy, Marie, and Roger? 


12 


Bert 9, BF i-779)}. (9}.10) 0410 8). 


E Now look at Display 18 in the next 
column. The first arrow shows that we 
have mapped (9,8) onto Jack. Have we 
mapped Jack's scores onto Jack? 

F Have we mapped Nancy's scores onto 
Nancy? Marie's scores onto Marie? Roger's 


scores onto Roger? 


13 


(9,8) 297, O79 990 9,40)? 1 (10,9) 


 Sealaialan Sl 


Jack Nancy Marie Roger 

G Have we mapped the set of ordered pairs 
of scores onto the set of students? Is 
the mapping a one-to-one mapping? How do 


you know’? 


Notice that the mapping expressed in 
Display 18 is different from the mappings 
you have studied so far. Here we have 
used a set of ordered pairs as one of the 
sets in the mapping. We still consider 
this a one-to-one mapping because we are 
thinking of each ordered pair as one 
object. 

H Look at Display 14. What ordered pair 
of natural numbers has been mapped onto 
the natural number 17? The sum of the 
components of this pair is what number? 


14 


FO CIS O75) eC l1OD a 2098) 


cic eee el 


9+8 749 9+10 10+9 
Or 1T7ettor AGU oF 19 or 19 


| Have we mapped (7,9) onto the sum of 

7 and 9? What was done to map each of the 
other ordered pairs of natural numbers 
onto a natural number? 

J Now map each of the following ordered 
pairs onto the sum of its components. 
Onto what natural number should you map 
(4,3)? (3,4)? (6,1)? (1,6)? 

K Look at Display 15 on the next page. 
Have we mapped each ordered pair named in 
the display onto the natural number that 


is the sum of the components of the pair? 


19 


15 
ts, Be, OG) 


ny 


L Why do we map each of the first three 


Gz tie yoxt (4,0), 43) 
. 4 


ordered pairs onto 8? What other ordered 
pairs could be mapped onto 8? 
M Why do we map both (4,0) and (1,3) 
onto 4? What other ordered pairs of 
natural numbers could be mapped onto 4? 
N Look again at Displays 14 and 15. Is 
the mapping expressed in the two displays 
a one-to-one mapping? Explain your answer. 
0 When an ordered pair is mapped onto the 
sum of its components, the mapping is the 
operation of addition. We can think of the 
operation of addition of natural numbers 
as a special many—to-one mapping of the set 
of ordered pairs of natural numbers onto 
another set. What is this other set? 

P The universe for the variables 
3 is N. Using the operation of 
addition, we map (a,6) onto c only when 


the sum of the replacements for a and 6} 


is what number? 


You have seen that any two natural 
numbers can be used to obtain a third 
natural number. This third number is the 
sum of the two numbers. If we begin with 
(3,5), we obtain the number 3+5, or 8. If 
we begin with (9,20), we obtain the number 
9+20, or 29. We begin with two natural 
numbers, not with just a single number. 
We say, therefore, that the operation of 
addition is a binary operation. This means 
that addition is an operation on two 
natural numbers. Now you will learn about 


another binary operation. 


20 


A Look at Display 16. The mapping shown 
here is different from the mappings shown 
in Displays 14 and 15. 


(13,10) onto 8. 


We have mapped 
Is the sum of 3 and the 
second component of (13,10) equal to the 
first component of (13,10)? 


16 


(430) — C4373) (16) Cee 


[fitaitie anno: 


3 10 5 6 
3+10=18, 10+8=13. [A] 


B (13,3) is mapped onto what number? 

Is the sum of this number and the second 
component of (13,3) equal to the first 
component of (13,3)? 

C Onto what number is (11,6) mapped? 
Onto what number is (11,5) mapped? 

D How did we use addition to map each 
of the ordered pairs named in Display 16 
onto a natural number? What sentence 
should we use to replace "box" A? 
TROsLES. 

E You know that 3+ 5=8 is a true 
statement. How does this help you find 
the number that (8,5) is mapped onto? 


The number 3 onto which we map (8,5) 
is the difference of 8 and 5. The 
difference of 8 and 5 is &-5, or 3. 
Notice that the difference of 8 and 5 
is the result of subtracting 5 from 8. 
When we talk about the difference of two 
numbers, we mean the result of subtracting 
the second from the first. 

F You know that 6+ 2=8 is a true 
statement. How does this help you find 
the number that (8,2) is mapped onto? 

G Is 6, or 8-2, the difference of 8 and 


2? How do you know? 


H Since the sum of 2 and 7 is 9, the 
difference of 9 and 7 is what number? 
The difference of 9 and 2 is what 
number? How do you know? 

| Look again at Display 16. Have we 
mapped each- ordered pair of natural 
numbers onto a natural number that is 
the difference of the first and second 
components of the pair? 

J Now map each of the following ordered 
pairs onto the difference of its 
components. Onto what number should you 


map (10,2)? (10,8)? (14,3)? (20,20)? 


When an ordered pair is mapped onto 
the difference of its first component and 
its second component, the mapping is the 
operation of subtraction. If we begin 
with (9,3), we obtain the difference 9-3, 
or 6 If we begin with (7,2), we obtain 
thesdifference 7=2,.0r.5. 

K The universe for the variables 

@® isN. Using the operation of 

subtraction, we map (a,6) onto ¢ only 
when the difference of the replacements 
for a and 6 is what number? 
L Is the operation of subtraction an 
operation on two natural numbers? Is 
the operation of subtraction a binary 


operation? How do you know? 


M Is the operation of subtraction a 


® many—to—one mapping? 


You notice that we have thought of 
subtraction as it is related to addition. 
10 - 3 = x means to find the replacement 
for x that will enable you to obtain a 
true statement from 10 =x + 3. Now let 
us study more about addition and 


subtraction of natural numbers. 


N In addition, we map (5,1) onto 6. 

In subtraction, we map (5,1) onto what 
number? 

0 Look at Display 17. For each ordered 
pair named, tell what number the pair is 


mapped onto by addition. 


biy5) LexlO/8) « (3,9) 


P For each ordered pair of natural 
numbers, is there always a natural number 
that is the sum of the components of 

the pair? 

Q Now we will use subtraction to map the 
ordered pairs named in Display ism 2 
subtraction, is (5,1) mapped onto a 
number so that the sum of 1 and that 
number is 5? 

R How do you know that 5-1, or 4, is 

the difference of 5 and 1? 

S$ In subtraction, (1,5) should be mapped 
onto a number so that the sum of that 
number and 5 is what number? 

T How do you know that the difference of 
1 and 5 is not a natural number? 

U In subtraction, is (5,2) mapped onto 

a natural number? How do you know? 

V In subtraction, is (2,5) mapped onto 

a natural number? How do you know? 

W Name three ordered pairs such that the 
first component of each pair is greater 
than the second component of that pair. 
For each pair you named, tell what number 
the pair is mapped onto by subtraction. 

X Now name three ordered pairs such that 
the first component of each pair is less 
than the second component of that pair. 
Is each pair you named mapped onto a 
natural number by subtraction? Explain 


your answer. 


21 


Y For each ordered pair of natural 
numbers, is there always a natural 
number that is the difference of the 
components of the pair? Explain your 
answer. 
9 Z The universe for the variables 
e isN. The difference of a and } 


will not be a natural number only if the 


replacement for a is less than what number? 


You have learned about the set of 
natural numbers and the operations of 
addition and subtraction. You have seen 
that the sum of any two members of N is 
also a member of N. To express this in a 
shorter way, we say that N is closed under 
addition. N is closed under addition 
because the sum of any two natural numbers 
is always a natural number. 

You also observed that the difference 
of two natural numbers is not always a 
natural number. N is mot closed under 
the operation of subtraction. 

A Now look at Display 18. Describe each 
set tabulated in the display. 


SG te, aye, * ene he 


He SS Peels 


B Is each set named in Display 18 a 
subset of N? How do you know? 

C 2, 3, and 4 are members of A. Is 2+38 
a member of A? Is 3+4 a member of A? 

D Is the sum of two members of A always 
a member of A? Explain your answer. 

E Is set A closed under the operation of 
addition? How do you know? 

F Is 3-3 a member of A? 

G Is set A closed under subtraction? 


Explain your answer. 


rere 


H Now look at set B named in Display 18. 
Are 38, 5, and 9 members of B? Is 3t+35 
in) Bie" legst0e on. Be 
| Is set B closed under addition? 
J Is B closed under subtraction? 
@ ixplain your answer. 
K (GR {0 hn2n 4-6 fer noes 
@ closed under addition? Under 


subtraction? Explain your answers. 


Notice that when we ask if a set is 
closed, we must also state what operation 
we are thinking of. The set of natural 
numbers is closed under addition, but it 
is not closed under subtraction. This 
property of the set of natural numbers 
and addition is expressed below. 


The universe for a and b is N. For 
each replacement of a and b, there is © 
a number atb that is a member of N. 


L {0, 2, 4) *<}) Psrelosed ander 
@ addition. Reword the property of 

the natural numbers that is expressed 

above so that what you say applies to 


{0, 2% 40>» “}e4nd"addi tent 


On Your Own 
For each of Exercises 1 through 4, 


tabulate the union of the two sets. 


1 jie melons) 2 ih 
B= 1, 2 Gh 
2nehiselOid cB ohh nBarGie 
B =i{1.08, S8edeas), 
iA {ace A Ree 
Bis dligeBdeS owt ai. 
Us AiG, 042 p018) 845 '30~ one he 
Besibe oetigee4s.432, o40punnale 


For each set named in Exercises 5 
through 10, tabulate the union of that 
set vand {2pnd,06; (Spndo}. 

Bi egies) Bt 6, {2} 


Pen {iy Ss} 8 
9° ©{10, -15; 20} 


{4, 8, 12, 16, °°} 
10 {450} 

I! For each set named in Exercises 5 
through 10, tell whether that set and 

{2, 4, 6, 8, 10} are disjoint sets. 

12 Suppose that 5 = n(C) and 3 = n(D). 
What must you know before you can decide 


if you obtain a true statement from 
8=n(C UD)? 


Suppose that F£, F, G, and H are 
disjoint sets, and that 8 = n(E£), 20 = n(F), 
19 = n(G), and 70 = n(#). Tell how many 
members are in each set named in Exercises 


18 through 20. 


I3 EUF Pape tk 
I5 GUE 16) oF eK 
1a AA 184) (GUE) ULF 


I9 EU(FUH) 20 (BUF) U(GUz) 
21 If you use addition, onto what natural 
number should you map (70,50); (29,54); 
(x,x); (x,2x); (x,4x)? Give examples to 
explain your last three answers. The 


universe for x is N. 


22 If you use subtraction, onto what 
natural number should you map (50,25); 
(78,40); (x,x); (2x,x); (4x,x)? Give 
examples to explain your last three 
answers. The universe for x is N. 
23 Name the next five members of 
Bs eI) is sl een evn 
15. 

Aye dado, 9, eo, 15." Pelosed 


we that come arLer 


under addition? Is this set closed under 


subtraction? Explain your answers. 


For each set named in Exercises 25 
through 30, tell whether or not the set 
is closed under addition. Tell whether 
or not the set is closed under subtraction. 
25 the set of odd numbers 
26 the set of even numbers less than 14 
27 the set of all even numbers 
28 the set of natural numbers greater 
than 50 
29 the set of natural numbers less 
than 50 
30 the set of odd numbers greater than 99 


EXPLORING IDEAS 
Lesson 5 
Booklet 7 


You will remember from the last lesson 
that. addition of natural numbers is a 
special many—to-one mapping in which each 
ordered pair of natural numbers is mapped 
onto the sum of its components. You will 
remember, too, that the set of natural 
numbers is closed under addition. In this 
lesson you will learn about multiplication 
of natural numbers. 

We are giving careful attention to the 


meaning of addition and multiplication to 


In this lesson you will learn about the product of two natural 


numbers and the quotient of two natural numbers. 


help us prepare for an understanding of 
the natural number system. 
A Three sets are tabulated in Display 1. 


Is set C the Cartesian set of A and B? 


Reminder: The Cartesian set AXB 


(read "A cross B") is the set of all 
ordered pairs whose first components 


are the members of A and whose second 
components are the members of B. 

(See page 7 of BOOKLET 8 or page 36 
of BOOKLET 6.) 


Definition of product of two natural 23 


numbers; quotient of two natural numbers; 


closure property of multiplication 


B Read each sentence in Display 2. Does 


each sentence express a true statement? 


C The symbol at the right 


is read "the number of n(AXB) 
members in A-cross B." 

Now read the sentence in Display 3 at the 
bottom of the page. 

D Does the sentence in Display 3 express 


a true statement? 


E Look at Display 4. Tabulate DxE. 


DF Leds belty ie 


ace Sie ees byte pala 


F What natural number is associated with 


set D? With set KE? With DXxE? 


The natural number associated with a 


Cartesian set is the product of the numbers 


associated with the sets that are used to 
form the Cartesian set. The product is 
the number of members in the Cartesian set. 
G The symbol 4X6 can be used to express 
the product of 4 and 6. Is 4 X 6 = n(DXE) 
a true statement? DXE is the set you 


tabulated in Exercise E. 


2X3 


"Two times 
three” 


ft 


Pistequatete 


" 


"the number of 
members in" 


H Look again at Display 1. Is 2x3 the 
product of the numbers associated with 

A and Bf Is 2x3 the number associated 
with the Cartesian set of A and B? 

| Suppose that a set A has 10 members 

and a set B has 5 members. Is the product 
10x35 the number of members in AXB? 

J Suppose that 4 has 2 members and B has 
7 members. Is the product 2X7 the number 


of members in AXB? 


Now let us use variables to help us 
make a definition of product. We will 
begin by letting S and T represent any 
two sets that are associated with 
natural numbers. 

K If 5 is associated with S, and 6 is 
associated with T, then 5x6 is the number 
associated with what set? 
L Now suppose that 9 is associated with 
S, and 3 is associated with T; then 9x3 
is the number associated with what set? 
M The universe for s and t is N. 

@ Let us agree that s is associated 
with set S and t is associated with set Tf. 
Then the product sXt is associated with 


what set? 


product of two natural numbers 
(prod'akt). The universe for s and 
t is N. Suppose that s is associated 


with set S, and t is associated with 
set T. The product sXt is the number 
associated with SXT. Also, s and t 
are factors of the product sXt. 


n(AXB). 


tA €2r0 ss. poe 


2A 


Reminder: The numbers we use to 
obtain a product are the factors of 
(See page 88 of 


the product. 
BOOKLET 6 or page 82 of BOOKLET 5.) 


N Tabulate a set A so that 4 = n(A). 
Tabulate a set B so that 2 = n(B). 
Tabulate AXB. 

0 The product 4x2 is associated with 
which of the sets you tabulated in 
Exercise N? What are two factors of the 
product 4x2? 

P Suppose that A is the empty set and 
Sa aie BS 
associated with A? With B? 


What number is 


Q What set is the Cartesian set 
@ of the empty set and {2, 3, 4, 5}? 
How do you know? 
R Is 0 the product of 0 and 4? Use 
@® the empty set and {2, 3, 4, 5} to 
explain your answer. 
S You recall that in our work with 
@ sums we required that our two sets 
be disjoint. Is this requirement necessary 
in working with products? Explain your 


answer. 


Now that you know what the product of 
two natural numbers is, you will learn 
something new about multiplication. You 
will learn that multiplication is a special 
kind of mapping. 

A look at Display 5. 
onto the product of 2 and 38? What did we 


Have we mapped (2,3) 


do to map each ordered pair of natural 
numbers onto a natural number? 

B We can think of the operation of 
multiplication of natural numbers as a 
special kind of mapping of ordered pairs 


of natural numbers onto natural numbers. 


° 
(2, 3) Pease), (5,2) (8,0) (6,4) 


Ya ilaaynes scl owt ah is 


2X3 4x6 5X2 8X0 6x4 
OFoe eGr 24 or 10 or OU or 24 


Is each ordered pair mapped onto the 
natural number that is the product of 

the components of that pair? 

C In multiplication, onto what number 
should we map (8,2)? (4,4)? (1,16)? 

How do you know that the multiplication 
mapping is not one-to-one? Name two 
other ordered pairs of natural numbers 
that are mapped onto 16 by multiplication. 
D You know that both addition and 
subtraction are binary operations because 
we begin with two natural numbers. Using 
multiplication, we begin with (5,3) and 
obtain what number? Using multiplication, 
we begin with (4,20) and obtain what 
number? 

E Is multiplication also a binary 


operation? Explain your answer. 


Now you will learn about another binary 
operation that is related to multiplication 
in the same way that subtraction is related 
to addition. 

F Look at Display 6. 
Is the product of 2 and the 


(6,3) is mapped 
ONLO Ze 
second component of (6,3) equal to the 


first component of (6,3)? 


6 


RGgo) G 2) dO 2) (eon) 


Yas 4 nage 


a 3 5 5 


2Xx3=6. 3x2=6. [A] 


G What number is (6,2) mapped onto? 
Multiply this number and the second 


ras) 


component of (6,2). The product you 
obtain is what component of (6,2)? 

H How have we used multiplication to 
map the ordered pairs of natural numbers 
named in Display 6 onto natural numbers? 
What sentence should be used to replace 
"box wh? ssBox Ba 

| You know that 3 X 7 = 21 is a true 
statement. How does this help you find 


the number that (21,7) is mapped onto? 


The number 8 that (21,7) is mapped onto 
is the quotient of 21 divided by 7. The 
quotient of 21 divided by 7 is 21+7, or 3. 
J Since the product of 5 and 3 is 15, the 
quotient of 15 divided by 3 is what 
number? The quotient of 15 divided by 5 
is what number? 

K Look again at Display 6. Is each 
ordered pair named there mapped onto the 
number that is the quotient of the first 
component of the pair divided by the 
second component? Explain your answer. 

When an ordered pair is mapped onto the 
quotient of its first component divided by 
its second component, the mapping is the 
operation of division. 

L In division, onto what number do we 
map (8,2)? (14,7)? (18,18)? (5,1)? 
M What division mapping do we obtain from 
the statement 2 X 5 = 10? Explain your 
answer. 

? N The universe fora, 6, andc is N. 

Using the operation of division, we 

map (a,b) onto ¢c only when the quotient of 
the replacement for a divided by the 
replacement for 6 is what number? 
0 Now you have seen how two natural numbers 


can be used to obtain a third number that 


26 


If we begin with 
If we 


is their quotient. 
(27,9), we obtain what quotient? 
begin with (44,4), we obtain what quotient? 
P Is division also a binary operation? 
How do you know? 
Q Is the operation of division a 
@  many-to-one mapping? Explain your 


answer. 


We have thought of division as it is 
related to multiplication. 30 + 10 = x 
means that we must find a replacement for 
x so that we obtain a true statement from 
30 = x X 10. Now let us study more about 
multiplication and division of natural 
numbers. 

A In multiplication, we map (10,2) onto 
20. In division, we map (10,2) onto what 
natural number? 

B In multiplication, we map (3,4) onto 
what natural number? 

C When we use division, we map (3,4) 

onto a natural number so that the product 
of that number and 4 is the first component 
of (3,4). Can we use division to map (3,4) 
onto a natural number? Explain your 
answer. 

D Can we use multiplication to map (11,4) 
onto a natural number? Can we use 
division to map (11,4) onto a natural 
number? Explain your answers. 

E Is the product of two natural numbers 
always a natural number? Is the quotient 
of two natural numbers always a natural 


number? 


You have learned about the set of 
natural numbers and the operations of 
multiplication and division. You learned 


that the product of any two members of N 


is also a member of N. To express this 
in a shorter way, we say that N is closed 
under multiplication. N is closed under 
multiplication because the product of any 
two natural numbers is always a natural 
number. 

You have also learned that the quotient 
of two natural numbers is not always a 
natural number. Therefore, N is not closed 
under division. 

F The universe for a and 6 is N. 

@ When will the quotient of the 
replacement for a divided by the 
replacement for b be a natural number? 


G Now describe each set tabulated in 


Display 7 below. 


H O, 2, and 4 are members of A. Is OX2 
a member of A? Is 2x4 a member of A? 

| Is set A closed under multiplication? 
How do you know? 

J Is 4+2 a member of A? 
of A? 


K Is set A closed under division? How 


Is 2+4 a member 


do you know? 
L Look at the tabulation of set B. Are 
6, 12, and 20 members of B? Is 6X12 a 
member of B? Is 20xX6 a member of B? Is 
B closed under multiplication? 
M Is B closed under division? 

rt re a os Os” Fee eee 

closed under multiplication? Under 


division? Explain your answers. 


You learned that the set of natural 
numbers is closed under multiplication. 


This property is expressed as follows: 


The universe for a and b is N. For 
each replacement of a and 6b, there is 
a number aXb that is a member of N. 


OTe, ayo; i *" } 18 closed under 
@ multiplication. Reword the property 
of the natural numbers that is expressed 
above so that what you say applies to 
ti, 63, 35 7, "sald multiplication. 
On Your Own 

In Exercises 1 through 9, A= {0, 1}; 
Bes (5, 7,.9}3 C= {10}; ebens(t 


Tabulate each of the Cartesian sets named. 


Lemnex 76 YLB XC T US Sek 
2° ABex A brag x <D BS2ABRK IP 
SihA oA Gra Se 98 Di xXeR 


10 Using the sets A, B, C, and D named 
above, tell how many members are in A, 
in bertne C> andvin f) 

1! For each set that you tabulated in 
Exercises 1 through 9, tell how many 


members are in the set. 


Suppose that 5 = n(£), 6 = n(F), 
0 = n(G), and 100 = n(#). ‘Tell how many 
members are in each of the sets named in 


Exercises 12 through 20. 


P20 boxer. IDPH PS (SIE F X*G 
13 FXE 16 HX IS 7aHeXsG 
IW EXE W dowry ae Sia 20°F xX" F 


If you use multiplication, onto what 
natural number should you map each of 
the ordered pairs named in Exercises 21 
through 26? 
21¢. €70; 35). 02319€20, 3) 2bF (ffx) 
2203( 5093) 24 (x, 3) 2610Ce 90) 
27 Give examples to explain your answers 


for Exercises 24, 25, and 26. 


If you use division, onto what natural 


number should you map each of the ordered 


ra 


pairs named in Exercises 28 through 35 the set of odd numbers 


33 below? 36 the set of even numbers 
28, 2150825) S0pOGLO52) 2 320i e x) 37 the set of natural numbers greater 
29 Ne C85 7) 31 (4,4) 33 (x,1) than 20 
34 Give examples to explain your answers 38 the set of natural numbers less than 20 
for ixercises 32 and 33. 39 the set of natural numbers from 51 
through 60 
For each set described in Exercises 35 40 For each set described in Exercises 35 

through 389, tell whether or not the set through 389, tell whether or not the set 
is closed under multiplication. If not, is closed under division. If not, explain 
explain your answer. your answer. 

EXPLORING IDEAS In this lesson you will learn that the order in which two natural 

Bt Ae numbers are added or multiplied does not affect the sum or product. 
A Look at Display 1. The dots indicate B Look at Display 2. Describe each set 
that each list of sentences is endless. tabulated. Are sets M and N disjoint? 
Does each sentence express a true statement? How do you know? 


{Dick, Tony, Bob, Paul}. 


= {center, guard, quarterback}. 


C What natural number is associated with 
set M? With set N? 

D Tabulate M UN. 

E Look at Display 3. Does the sentence 


express a true statement? 


The statements expressed in Display 1 4+ 3=n(M UN). 
involve the natural numbers and the 
operation of addition. We know that F Look again at Display 2 Tabulate 
these particular statements are true. We NUM, 
would like to know if every other possible G Look at Display 4. Does the sentence 
statement of the kind expressed above is express a true statement? 
also true. 


38+ 4= n(N UM). 


In this booklet we have used sets to 


help us think about numbers. Now we will 
use sets to help us decide if each possible H Is the set that you tabulated in 
statement is true. Exercise D the same as the set that you 


28 Commutative properties of addition and 
multiplication for natural numbers 


tabulated in Exercise F? Is MH UW the 


same set as WV U #? 


Reminder: 


Changing the order in 


which you list the names of members 
of a set does not change the set. 
(See pages 8 and 14 of BOOKLET 1 or 
page 4 of BOOKLET 6.) 


| Does ¥ UW have the same number of 
members as VN UM? Explain your answer. 

J Is the sum 4+3 associated with the same 
set as the sum 344? 

K Are 4+3 and 3+4 the same number? Is 
4+3=3+ 4a true statement? Explain 
your answers. 

L Look at Display 5. 
tabulated. 


Describe each set 


Are sets D and E disjoint? 


D= ele 3, OD, 4S Q}. 


Weer 10) 12h 8164418., 20}. 


M What natural number is associated with 
set D? With set E? 
N Tabulate DUE. Tabulate EF UD. Are 
these sets the same? 
0 Look at Display 6. From your answers 
for Exercises M and N, how do you know that 
sentence A expresses a true statement? 


Does sentence B express a true statement? 


A 5c 6.Sin(D @ EF): 


B 6+ 5=n(E UD). 


P Is the sum 5+6 associated with the same 
set as the sum 6+5? Explain your answer. 


Is 5+6=6+5 a true statement? 


In Exercise H on the preceding page 


you noticed that ¥ UM is the same set as 


MUN. In Exercise N on this page you 
noticed that £ UD is the same set as 
DUE. From our definition of union on 
page 15 you know that the union of two 
sets is the set of all members of one set 
together with all members of the other. 

Q Suppose that A and B are any two 
disjoint sets associated with natural 
numbers. Will B UA be the same set as 


A UB? Explain your answer. 


From Display 2 you observed that the 
number 4 is associated with set M, and the 
number 3 is associated with set N. Then 
you noted that the sum 4+3 is associated 
with the same set as the sum 3+4, 

From Display 5 you observed that the 
number 5 is associated with set D, and 
the number 6 is associated with set E. 
Then you noted that the sum 5+6 is 
associated with the same set as the sum 
6+5. 

R Suppose that A and B are any two 
disjoint sets and that a = n(A) and 

b = n(B). The universe for a and b is 
the set of natural numbers. With what 
set is atb associated? With what set is 
b+a associated? Do both atb and bta 
represent the number of members in the 


same set? 


You can see that the order in which 
we add any two natural numbers does not 
affect the sum. We call this property 
the commutative property of addition for 
natural numbers. 


This property may be 


expressed as follows: 


The universe for a and db is N. 
For each replacement of a and 5, 
a true statement is obtained from 
a+t+b= 5b + a. 


$ Look again at the bottom of page 29 and 
read the sentence expressing the commutative 
property. For each statement expressed in 
Display 7, name the replacements that have 
been made for the variables ina tb=b+ta. 


Is each statement true? How do you know? 


AiO eOnraGi 


BunS2 +/30<2°30 4523 
C 89 + 102 = 102 + 89. 


T Are (6,9) and (9,6) mapped onto the 
same natural number by addition? 

U Are (a,b) and (b,a) mapped onto the 
same natural number by addition, for each 
replacement of a and b? How do you know? 
V Ifa and 6} are each replaced by the 
same natural number, do we always obtain 


a true statement from a+b=b6+a? 


We have used the word property many 
times in this booklet. When we talk 
about property, we mean something that 
"belongs to." The commutative property, 
for example, "belongs to" addition for 
all natural numbers. In other words, the 
solution set of the conditionat+b=b+t+a 
is the set of all possible pairs of 
natural numbers. 


A Now look at Display 8. Does each 


sentence express a true statement? 


The statements expressed in Display 8 
involve the natural numbers and the 
We know 


We will 


operation of multiplication. 
that the statements are true. 
now use sets to help us decide if every 
other possible statement of the kind 
expressed in Display 8 is also true. 

B In Display 9, describe each set 
tabulated. 


=i {iges14}? 


=) {Opeae BP 


C What natural number is associated with 
set F? With set G? 

D Tabulate FxG. The first component of 
each member of FXG is a member of what 
set? The second component is a member of 
what set? 

E Look at Display 10. Does the sentence 
express a true statement? 


10 
2X 3= n(F XG). 


F Look again at Display 9. Tabulate 
GxXF. The first component of each member 
of GXF is a member of what set? The 
second component is a member of what set? 
G Look at Display 11. Does the sentence 


express a true statement? 


11 
8X Z2= n(G X F). 


H Is the set you tabulated in Exercise D 
the same as the set you tabulated in 
Exercise F? 

| Look at Display 12 at the top of the 
next page. Is FXG the same set that you 
tabulated in Exercise D? Is GXF the same 


set that you tabulated in Exercise F? 


Ponorsa( 35 0). (13,2)0.(18, 2) ,oC140)e* (44, 1) 44, 2)}. 


! 


ee SiO ta), (418). 2,13) Oday iia) ea). 


J For each, member of FXG, tell what 
member of GXF it is mapped onto. For 
each member of GXF, tell what member of 
FxG it is mapped onto. 
K What rule have we used in mapping 

® the members of FXG onto the members 
of GXF, and in mapping the members of GXF 
onto the members of FxG? 
L Are sets FXG and GXF in one-to-one 
correspondence? Is FXG equivalent to GXF? 
M Does FXG have the same number of members 
as GXF? Explain your answer. 
N Is n(F X G) = n(G X F) a true 
statement? Is 2X 3=3X 2a true 


statement? Explain your answers. 


A look at Display 18. What natural number 


is associated with set J? With set kK? 


C3; GFoO}: 


{9, 18; '15) 18}. 


B Tabulate JXf. The first component of 
each member of JXX is a member of what 
set? The second component is a member 
of what set? 

C Tabulate kXJ. The first component of 
each member of XXJ is a member of what 
set? The second component is a member of 
what set? 

D Are the sets that you tabulated in 
Exercises B and C the same set? Explain 
your answer. 


E Make a diagram like the one in Display 
12 to decide if JXK is equivalent to KXJ. 


Map each member of JXX onto the member 
of XXJ that is obtained by interchanging 
the components of the member of JXK. 

F Look at Display 14. Does sentence A 
express a true statement? Does sentence B 


express a true statement? 


Ga let x Sinise Pa true 


statement? How do you know? Is 


3% 4.= 4 X% 3 aitrue.statement?: 


In kxercise Lon this page you noticed 
that FXG is equivalent to GxF. In 
Exercise i on this page you found that 
JXK is equivalent to £XJ. In both 
exercises, the sets were put in one-to- 
one correspondence by matching an ordered 
pair from one set with an ordered pair 
from the other set. One of the matched 
pairs could be obtained from the other 
by interchanging the components. 

H Suppose that A and B are any two sets 
associated with natural numbers. Will 


AXB be equivalent to BXA? Explain your 


answer. 


From Display 9 you observed that the 
number 2 is associated with set F, and 
the number 8 is associated with set G. 

In Exercise N on this page you noted that 
the products 2X3 and 3X2 are equal since 


they are associated with equivalent sets. 
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From Display 18 you observed that the 
number 8 is associated with set J, and 

the number 4 is associated with set K. 

In Exercise G on page 31 you noted that 
the products 3x4 and 4x3 are equal since 
they are associated with equivalent sets. 

| Suppose that A and B are any two sets 
and that a = n(A) and 6 = n(B). The 
universe for a and 6 is the set of natural 
numbers. With what set is aXb associated? 
With what set is bXa associated? Do aXb 
and bXa represent the number of members 

in equivalent sets? Do aXb and bXa 


represent the same number? 


Now we know that the order in which we 
multiply any two natural numbers does not 
affect the product. We call this property 
the commutative property of multiplication 
for natural numbers. This property may be 
expressed as follows: 


The universe for a and }b is N. 
For each replacement of a and )b, 
a true statement is obtained from 
OX OS Noy SS) OR. oie 


Notice that we have used the symbol for 
multiplication (X) in the open sentence 
aXb=6xXa. In mathematics it is 
customary, in. a sentence like this, to 
indicate the operation of multiplication 
by simply omitting the symbol for the 
operation. Thus, ab means the same as 
a X b. We can, therefore, write the 
sentence a X b = b X a as follows: 

J You know that the symbol 2m tells us 
to find the product of 2 and the 
replacement for the variable m. Suppose 
that we replace m in 2m by 4. Then we 
obtain 2x4, or 8. You have already 

learned that you can write the numeral 


2x4 as 2(4). Why do we need to use some 
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ie = (eh 


symbol for multiplication in expressing 


a product such as 2(4)? 


When it is necessary to use a symbol 
to indicate multiplication, we often use 
a raised dot, as shown in Display 15. 

K If sentence A in Display 15 did not 
contain symbols for multiplication, we 
might mistake the product 7*8 for 78. 

Are the numeral 7*8 and the numeral 78 
names for the same number? How do you 


know? 


Ay os, Bren eee 


B ..<o - 16 = 16 = Ze. 
C. 116 ass eee 


L Look at the sentence in Column 1 
expressing the commutative property for 
multiplication. For each statement 
expressed in Display 15, name the 
replacements that have been made for the 
variables in ab = ba. Is each statement 
true? How do you know? 

M Are (7,8) and (8,7) mapped onto the 
same natural number by multiplication? 

N Are (a,b) and (b,a) mapped onto the 
same natural number by multiplication, 
for each replacement of a and b? How do 
you know? 

0 If a and } are each replaced by the 


same natural number, do we always obtain 


a true statement from ab = ba? 


Now let us see if subtraction of 
natural numbers also has the commutative 
property. 

A look at Display 16 at the top of the 
next page. What is the universe for the 


variables in the condition? 


H Explain in words the condition 

Universe for a and 6b is N. expressed in Display 17. What replacements 
a-~b=b-a. have been made for the variables in the 

KR o4-01=)0 43 condition to obtain each statement 

B 52-8= 8='52. expressed? 

C2120 =1987)=: 97-= 120s 


17 


Universe for a and } is N. 
B Explain in words the condition Ct a a a 

expressed in Display 16. What Raed2i te Bem Bot 42. 
replacements have been made for the B 96+ 16= 16 + 96. 
variables in the condition to obtain C 144 + 24 = 24 + 144, 


each statement expressed? 


| Is each statement expressed in 


Now we must decide if the statements Display 17 true? How do you know? 
expressed above are true. J Does division of natural numbers have 
€ Look at sentence A. You know that 1-0 the commutative property? 


is the number 1. Do you think that 0-1 


is also the number 1? On Your Own 
In kxercises 1 through 10, write "TI" 


ead toast the cadabeatd mic leatie rao for each sentence that expresses a true 


you will learn that 0-1 is not a natural statement. Write "F" for each sentence 


pete eS on 1 972120 reomoty natural that expresses a false statement. Do not 


use computation to obtain your answers. 


1 119+ 46 = 46.4 119. 


numbers either. 


D Is each statement expressed in 


Display 16 false? Explain your answer. 2 186 + =e = 186. 
E Does subtraction of natural numbers 3 42° 59 = 59° 42. 
have the commutative property? Explain H 241 + 63 < 63 + 241. 
your answer. 5 23 - 18 = 18 - 23. 

F How many statements like 4 18> 6/4. 

@ 52 —- 8 = &§ — 52 do we have to TON 8 2) 4p Ole tea) 6. 
inspect before we can decide that SB Roey eeoer Gio A Ieee) Veo 
subtraction is not commutative? Explain 9 tS Say aes Sey a 
your answer. 10 10 101 = 104 10." 

Now we will decide if division of For each condition expressed in 
natural numbers has the commutative Exercises 11 through 20, tabulate the 
property. solution set. The universe for the 
G Look at Display 17. What is the variables is N. 
universe for the variables in the Il) 36445 = 15 + 36. 
condition? b2aiaese ty 7 
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13. Abs DRS Patt, 
[toy1G +-13"= b+ 16. 
15 (0/404) 84 = (6 4°98) 7. 
[G. p22. Seaeara ay 
17, Leo lGict eS aie ee te. 
1S kO4s ea eee. 
19 13.4 0°=66.+ 138% 
- £4 = 24-* a, 
Now we will invent a binary operation 
to mean the sum of the first number and 


twice the second number. We will use this 


symbol to indicate the new operation: *. 
We can express the meaning of this operation 
by writing the mathematical sentence below. 
The universe for a and } is N. 

a beat obs 
21 To decide if operation "*" is 
commutative, we must determine the 
solution set. of a/™b = 0 *a. Let te 
replace a by 38 and b by 4. Now let us 
decidesit ¢@ ts4 =o4," 3-18 a trie stavement. 
lato. 4 =.367 24) -a,true statement? “Is 
4*3= 4 + 2(3) a true statement? 
22 Is 3+ (24 4)=4+ @ 3) a true 
statement? 
23 -1s.3 * 424% diva true statemenr? 
24 Now replace a by 7 and b by 18. 


if. 7 * 13 = 13 *7 asa true statement. 


Decide 


25 Is operation "*" commutative? 


Now we will decide if the set of natural 
numbers is closed under operation "*." We 
must decide if we obtain a natural number 
from a*b for each replacement of a and b. 
The universe is N. What replacements 
for a and b have we used in the numbers 
expressed in Exercises 26 through 29% 
26. beet) 28 icdd. a Pt Ge 
27. 9 +24) 29 19 + 2(35) 

30 Do you think the set of natural 


numbers is closed under operation "*"? 


Explain your answer. 


For each of Exercises 31 and 32, the 
meaning of an operation is given. First, 
write a mathematical sentence that 
Next, decide if 


Then decide 


expresses the meaning. 
the operation is commutative. 
if the set of natural numbers is closed 
under the operation. 

31 Operation ee "means the sum of 
three times the first number and three 
times the second number. 

32 Operation "V7" means four less than 
the sum of the first number and twice 


the second number. 


EXPLORING IDEAS 
Lesson 7 
Booklet 7 


A Look at Display 1. We must decide how 
to add when we are given three numbers in 


a definite order. 


Ander 6 


You have learned that addition is a 


binary operation and that addition maps a 


34 Associative properties of addition and 
multiplication for natural numbers 


In this lesson you will learn that numbers are grouped in pairs 


for the purposes of adding and multiplying. 


pair of numbers onto a number called the 
sum of the pair of numbers. To find the 
sum of more than two numbers, we must first 
work with a pair of numbers. 

B Look at Display 2 at the top of the 

next page. In numeral A, the sum of what 
pair of numbers is expressed within the 


parentheses? Onto what natural number 


can the pair of numbers be mapped by 


addition? 


C In numeral B, how was the number 7 
obtained? Onto what natural number can 


(7,6) be mapped by addition? 


Now we have found the sum of 4, 8, and 
6. Beginning with (4,3), we obtained the 
sum 443, or 7. Then we used (7,6) and 
obtained the sum 7+6, or 18. 
D Now look at Display 3. We will decide 
if 4 + (3 + 6) is the same number as 
(4 + 3) + 6. In numeral A, the sum of 
what pair of numbers is expressed within 
the parentheses? Is this the same pair of 


numbers that you named in Exercise B? 


A 4+ (3 ¥6) 


B 4+9 


E Onto what natural number can (3,6) be 
mapped by addition? 

F Look at numeral B. How was the number 
9 obtained? Onto what natural number can 
(4,9) be mapped by addition? 

G Is (4+ 3) +6=4+ (3 + 6) a true 


statement? How do you know? 


Notice that we have used parentheses 
to help us think about grouping three 
numbers in pairs when we add. The symbol 
(4 + 3) + 6 indicates that we first added 
4 and 3 and then added 6 to their sum. 
The symbol 4 + (3 + 6) indicates that 
we added 3 and 6 and then added their sum 
to 4. 


H Look at Display 4. How do you know 
that each sentence expresses a true 
statement? 


4 
A (14 +:8)04+;5 = 1494+7(8 4.5). 


B. (58°+ 20) + 19.= 52:4 (20+ 19). 
CoB t 19 Sete 13 hot 4e=etd8-4 (18401): 


In Lesson 5 we used sets to help us 
decide that the order in which we add any 
two natural numbers does not change the 
sum that we obtain. Now we will use sets 
to help us decide if every other possible 
statement of the kind expressed in 
Display 4 is also true. 
| Three sets are tabulated in Display 5. 
Is the number 4 associated with set F? 
What number is associated with set G? 


With set, He 


Hh Kgs iy (Bh: 


(iscied tec’ lords -ecks 


J Are sets F, G, and H disjoint sets? 

K Tabulate (F UG) U#. Which union 
should be tabulated first? Why? What 
should you do then? 

L Tabulate F U(G U#). Now which union 
should be tabulated first? 

M Is the set that you tabulated in 
Exercise K the same as the set that you 
tabulated in Exercise L? 

N ‘What number is associated with 

(F UG) U#? With FU (GUA)? 

0 Is the number associated with 

(F UG) UF the same as the number 
associated with F U(G UZ)? 

P Suppose that A, B, and C are any three 


disjoint sets associated with natural 
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numbers. Will (4 UB) UC be the same set 
as A U(B UC)? Explain your answer. 

Q Suppose that 4, B, and C are any three 
disjoint sets and that a = n(A), b = n(B), 
and c = n(C). The univérse! for a;) b,Aand 
G@ris’NS (With whattsetiis (as+PbjS+ ec 
associated? With what set is a + (b + c) 
associated? Do both (a + b) +c and 

a + (b + c) represent the number of 


members in the same set? 


You have seen in Displays 2, 3, and 4 
that the way in which we grouped three 
numbers did not affect the sum. In 
Exercises I through Q we have asked 
questions suggesting how you might prove 
that the way in which you group any three 
natural numbers does not affect the sum. 

As you continue in your study of 
mathematics, you will learn how to develop 
proofs. In Lesson 5 we began to indicate 
how this is done, and we continued to do 
this in the work above. 

In mathematics we often accept certain 
statements as being true without proof. 
We use examples to help us decide which 
statements to accept. Then, as we acquire 
more knowledge of mathematics, we are able 
to prove some of these statements. Some 
statements are not proved, but are 
accepted as being true. We will accept 
the property that the way in which we 
group any three numbers does not affect 
the sum. We call this property the 
associative property of addition for 
natural numbers. This property may be 


expressed as follows: 
The universe for a, 6, and c is N. 
For each replacement of a, 6, and c, 


a true statement is obtained from 
(a+b) +c=at (bt). 
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R Look at the sentence in Column 1 
expressing the associative property. For 
each statement expressed in Display 6, 
name the replacements that have been made 
for the variables in (a + 6) +e¢ = 
a+(b+c). Is each statement true? 


How do you know? 


6 
A (9+ 8) +16=9+ (8 + 16). 


B (1+ 45) + 24= 1+ (45 + 24). 
C (18 + 11) +19 = 18+ (11 + 19). 


§ Look again at Display 1 on page 
® 34. Explain why the symbol 4+3+6 


is accepted as a name of a number. 


Now we will learn how to multiply when 
we are given three numbers. 
A Look at Display 7. To find the product 


named by numeral A, we must first work 


“with a pair of numbers. 


B In numeral B, the product of what 


pair of numbers is expressed within the 
parentheses? Onto what natural number 


can (2,5) be mapped by multiplication? 


Notice that in numeral B we did not 
use a raised dot between the parentheses 
and the numeral 8. The parentheses tell 
us that 8 is to be multiplied by the 
product 2°05. 

C Onto what natural number can (10,8) 
be mapped by multiplication? 
D In numeral C, the product of what pair 


of numbers is expressed within the 


parentheses? Onto what natural number 
can (5,8) be mapped by multiplication? 

E Onto what natural number can (2, 40) 
be mapped by multiplication? 

F Is the number you named in Exercise C 
the same as the number you named in 
Exercise KE? 
Gt fsx(2-8 


statement? How do you know? 


S)PGH=7 (5122 She, Vrie 


Notice that we have used parentheses 
to help us think about grouping three 
numbers in pairs when we multiply. The 
symbol (2 - 
multiplied 2 and 5 and then multiplied 8 
by their product. The symbol 2 (5: 8) 


5) 8 indicates that we first 


indicates that we first multiplied 5 and 
8 and then multiplied the product by 2. 

H In Display 8, how do you know that 
each sentence expresses a true statement? 

8 
ADA? SiMe 7 46 * 
18) 89 = 25 (18 + 230). 
ico Cl Ve laye 


Bon 
Cerlize: ” F714 


You noticed in Display 8 that the way 
in which we grouped three numbers did not 
affect the product. At this time we will 
accept without proof that the way in which 
we group any three natural numbers does 
not affect the product. We call this 
property the associative property of 
multiplication for natural numbers. This 
property may be expressed as follows: 


The universe for a, 6, andc is N. 
For each replacement of a, 6, and c, 
a true statement is obtained from 
(ab)e = a(be). 


| Look at the sentence above expressing 
the associative property. For each 


statement expressed in Display 9, name 


the replacements that have been made for 
the variables in (ab)c = a(bc). Is each 
statement true? How do you know? 


9 
MF 22} tA=9O1 (12 *at'7) 


A 
Be GBBses13)08 2982 0134405). 
C. (2899004) 411=92802(4 + 11). 


J Look again at Display 7 on 
@ page 36. Explain why numeral A is 
accepted as a name of a number. 
K Show that the set (A X B) XC is 
® equivalent to the set A xX (B X C) 
for any three sets A, B, and C that are 
associated with natural numbers. 
L Use the results of Exercise K 
@® to explain why (ab)c and a(bc) 
represent the same number. The universe 


forpag b,-and e« is Ni 


Now let us see if subtraction of natural 
numbers has the associative property. 
A look at Display 10. What is the 
universe for the variables in the 
condition? 


10 


Universe for’ a,!.b;wand.c is N. 


Ca Sob)! Po gaa! i bo ate)! 
(4- 8)-1=4- (8-1). 


B kxplain in words the condition 
expressed in Display 10. What 
replacements have been made for the 
variables to obtain the statement 
expressed? 

C Is the statement true? The parentheses 
are used in the same way that they were 


used in addition and multiplication. 


They indicate which subtraction should be 


done first. 


37 


D Does subtraction of natural numbers 
have the associative property? Explain 


your answer. 


Notice that on the basis of one example 
we have concluded that subtraction does 
not have the associative property. You 
may think that one example is not enough. 
But remember that if subtraction has the 
associative property, then the property 
must hold true for all natural numbers. 

We have shown one set of replacements for 
a, 6, and c for which the property is not 
true. Hence, we know that it cannot be 
true for all natural numbers. 
—E Can we conclude, on the basis of 
® one example, that a property is true 
for all natural numbers? 
F Are*the symbols (4 = 3)s=4 and 
@ 4- (3 — 1) names of numbers? Can 
we accept the symbol 4 - 3 - 1 as a name 


of a number? Explain your answers. 


Now we will decide if division of 
natural numbers has the associative 
property. 

G In Display 11, what is the universe 
for the variables in the condition? 


11 
Universefortatb;~and cis  N: 


(a+b) +c=at (bic). 
(60+ Gite 2St Come GrsaR ie 


H Explain in words the condition 
expressed in the display. What 
replacements have been made for the 
variables to obtain the statement 
expressed? 

| Is the statement true? How do you 


know? 
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J Does division of natural numbers have 

the associative property? 

K Explain why you can answer Exercise J 

by using just the example in Display 11. 
9, L Are the symbols (60 + 6) + 2 and 
@ 60 + (6 + 2) names of numbers? Can 

we accept the symbol 60 + 6 + 2 as a name 


of a number? Explain your answers. 


On Your Own 

In Exercises 1 through 10, use the 
associative and commutative properties to 
decide whether each sentence expresses a 
true statement or a false statement. For 
each true statement, name the property 
upon which your answer depends. 


| (48°+.16) +9\= 43.4% (16 #9)2 


2 a4 4 Sei aes 

3 (17 — 4) — 2=17.—.14 32). 
A C%ar, 15).38 = 67a labore). 

§  44-+ 44 = 11-+ 44, 

6 (14° 6.6 < 44 G. See 

7 (i845) 49 =) (oe ie 
8 (100305) see 10 a eee ae 
: ne she oe ae 

10. 102 — 2a =e Oe. 


three three three three 


For each condition expressed in 
Exercises 11 through 20, tabulate the 
solution set. The universe for the 
variables is N. 

HL, (81° +d LOB) + iid 4a es 
12 (apap Box Sagleleoe eh )s 

13° 27 b= 1th 2h 

Se a =e 69pm ch a i eg 2 

15 (44 oi} 8 0b. see 

16 MapeGbr= 85 Ola Ze 

17 (10:021)\4+ ¢ =a eae 
IS (SFA 6) Fle = 87 feReerae). 


I9° (1 + 0) 16 = (b +1) 16. 

PO ARH BR) 0-512 (29 <=re). 

21 Place parentheses in the numeral 

45 + 12 + 2 so that the numeral expresses 
the number 2. 

22 Place parentheses in the numeral 

21 - 14 - 7 so that the numeral expresses 
the number 14. 

23 Place parentheses in the numeral 

54 + 27 + 9 so that the numeral expresses 
the number 18. 

24 Place parentheses in the numeral 

18 - 9 ~ 3 so that the numeral expresses 


the number 6. 


For each of Exercises 25 through 30, 


explain, by using the associative and 


commutative properties, why the number 
named in Column B is the same as the number 
named in Column A. For example, you would 
answer Exercise 25 by writing the following 
sentences: 

37 + (76 + 92) = 37 + (92 + 76). 


commutative property of addition 


37 + (92 + 76) = (37 + 92) + 76. 
associative property of addition 

A B 
25 3/7 + (76 + 92) (37 + 92) + 76 


2620403 U7 OD Oitt acs 7) 

Zo Nal +07) 8 3 (7 + 41) 

20. tad (11310) Leh ee ee eb ae See 
two two two two two two 

at Wa ea cana 029 ds 19 (21 = 6) 


300) (2402 18) de Ce “te A) 418 


EXPLORING IDEAS 
Lesson 8 
Booklet 7 


The associative and commutative 
properties involve just one operation. 
Now you will learn about a property that 
applies in some cases where multiplication 
and addition are used together. Remember 
that the properties that we are studying 
prepare us for an understanding of the 


natural number system. 


A Read the problem in Display 1. 


Jean has exactly 8 record albums. 


She has 4 record albums containing 


2 phonograph records each. She 


also has 4 albums containing 3 
records each. How many records 


does Jean have? 


In this lesson you will learn about a property that involves 


both multiplication and addition. 


B look at Display 2. How are the record 
albums grouped? Does the picture show 


all Jean's records? 


4(2) 
(jh = 


C Does the open sentence in Display 2 
express the condition for the problem in 


Display 1? For what is x a variable? 


Distributive property of multiplication & 
over addition (natural numbers) 


D Look at Display 3. Does Jean have 
&+12 records? Tabulate the solution set 


of the condition. 


Now we have found the solution set of 


the condition expressed in Display 2. We 
know that Jean has 20 phonograph records. 
First we used multiplication. Beginning 
with (4,2), we obtained the product 4(2), 
or 8 Next, we used (4,3) and obtained 
the product 4(3), or 12. 
(8,12) and addition to obtain the sum 
Stila ee rcs 


Finally, we used 


Now let us see if there is another way 
to obtain the solution set. 
E look again at the picture in Display 2. 
For each album containing 2 records, is 
there an album containing 8 records? 
F We will regroup the albums pictured 
in Display 2 Suppose that each group of 
38 records is joined with a group of 2 
records. Will we now have 2+3 records in 
our new group? Altogether, how many 
groups containing 2+3 records will there 
be? 
G Look at Display 4. Does each group 
contain 2+3 records? How many groups of 
albums are pictured? Has each record 
pictured in Display 2 been used in the 
regrouping in Display 4? 
H Does the sentence in Display 4 express 
the condition for the problem in Display 1 
after we have regrouped the albums? For 
what is x a variable? 
| Look at Display 5. Does Jean now have 
4 groups of albums, or 4 groups of 5 
records? Tabulate the solution set of 


4(5) = x. 
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U 3 ea ma plat eS 
a kal sai Hs ay aN 
\ (oO) (93 / \ (o) (Q) ; 
©) ae Pf \ & (oP) 7 
ee adh al ah oa 


~ —a 


>< 
Figen va pepe 
NE, 5 ; nes 0) } 
Bs (oP) , ccc leceealieal 


4(2 + 8) 
Us= Br. 


J tIs the set that you tabulated in 


Exercise I the same as the set that you 
tabulated in Exercise D? 
K Is 4(2 + 3) = 4(2) + 4(3) a true 


statement? How do you know? 


Notice that we have used parentheses 
to help us think about grouping numbers 
in pairs. The symbol 4(2+3) indicates 
that we added 2 and 3 and then multiplied 
the sum by 4. The symbol 4(2) + 4(3) 
indicates that we first found the product 
of 4 and 2 and then the product of 4 and 
3. Finally, we added the products. 

Now let us consider another problem 
that involves both multiplication and 
addition. 


L Read the problem in Display 6. 


A rectangular field is 100 yards 
long and 80 yards wide. The sum 
of the lengths of the sides of a 


field is the perimeter. What is 


the perimeter of this field? 


M Display 7 shows a diagram of the field. 
How many 100-yard sides does the field 


have? How many 80-yard sides does it have? 


100 
2(100) + 2(80) = x. 


N Does the sentence in Display 7 express 


the condition for the problem? For what is 


x a-variable? The universe for x is N. 
0 Look at Display 8. Is the perimeter of 
the field 200+160 yards? Tabulate the 


solution set of the condition. 


Pt LOO! =" x. 


Now we know that the perimeter of the 


field is 360 yards. Let us use another way 


to find the perimeter. 

P For each side of the field that is 100 
yards long, is there a side 80 yards long? 
Q Suppose that one side whose length is 
80 yards is grouped with a side whose 
length is 100 yards. Will each new group 
of two sides contain 100+80 yards? How 
many groups of 100+80 will there be? 

R Does sentence A in Display 9 express 
the condition for the problem in Display 6 
after we have regrouped the lengths of the 


sides? For what is x a variable? 


A 2(100, 48 80)3 =x. 
B 2(180) 


= N- 


S Look at sentence B. Does the perimeter 
of the field contain 2 groups of 180 
yards? Tabulate the solution set of 
2(180) = x. 

T Is the set that you tabulated in 
Exercise 3 the same as the set that you 
tabulated in Exercise O? 

U Is 2(100 + 80) = 2(100) + 2(80)%a 


true statement? How do you know? 


Notice that we have used parentheses to 
help us think about grouping numbers in 
pairs. The symbol 2(100 + 80) indicates 
that we added 100 and 80 and then 
multiplied the sum by 2. The symbol 
2(100) + 2(80) indicates that we first 
found the product of 2 and 100 and the 
product of 2 and 80. Then we added the 
products. 

Both of the problems we studied were 
worked in two different ways. These ways 
help us understand how multiplication 
and addition are related. Now let us see 
if there is a property that relates 
multiplication and addition for all 
natural numbers. 

A Look at Display 10. In sentence A, 
what is the common multiplier of the 
numbers 5 and 9? Does sentence A express 
a true statement? 


10 
As G(&)ii+ 609) = 659). 


B 1206S) chat OC 7) Seis ees 
C 9(18) + 9(4) 


B Look at sentence B. The number 10 is 
the common multiplier of what numbers? 
What numeral can you use to replace the 
blank so that sentence B expresses a 


true statement? 
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C Replace the blanks in sentence C in 
Display 10 so that it expresses a true 
statement. 

D How do you know that each sentence in 
Display 11 expresses a true statement? 


A- 2028 fot i926 280edi Bibs 
8(10) + 8(7). 


LAG) SG 9)2 


B 8(10 + 7) 
C 8706 +69) 


You notice from sentence A in Display 11 
that the result of multiplying the sum of 
13 and 1 by 2 is the same as the result 
obtained by adding the product of 2 and 
18 and the product of 2 and 1. In each 
sentence in Display 11, the product 
expressed at the left is the same number 
as the sum expressed at the right. 

The statements expressed in Display 11 
are examples of a property that relates 
multiplication and addition. The 
relationship is that we can multiply 
the sum of two numbers by a number, or 
we can multiply each of the two numbers 
used in getting the sum by the number 
and then add. In either case we get the 
same result. 

After studying several examples, we 
will accept the property without proof. 
We call this property the distributive 
property of multiplication over addition 
for natural numbers. This simply means 
that multiplication is distributed over 
the two numbers used in obtaining a sum. 


The property may be expressed as follows: 


The universe for a, b, and c is N. 
For each replacement of a, 6, and c, 
a true statement is obtained from 
a(b +c) =ab+t+ac. 


E The distributive property makes 


® it possible for us to use two ways 
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to find the number obtained from a(b + c) 
after replacements. Describe each of 
these ways. 

F Look at the sentence at the bottom of 
Column 1 expressing the distributive 
property. Then, for each statement 
expressed in Display 12, name the 
replacements that have been made for the 
variables in a(b + c) = ab + ac. Is each 


statement true? How do you know? 


3(14 + 9) = 3(14) + 3(9). 
16(12-+-8) =.16(12)-+h668), 


41(37 +.23), =, 41087) -b 4hGgak 
3(38 + 3) = 38(3) + 3(3). 


G Look at Display 18. You long ago 
learned to find the product of 6 and 53 
by performing the multiplication expressed 


below. 


Now you will see that you are actually 
using the distributive property to obtain 
the product of 58 and 6. 
H Look at Display 14. Does sentence A 
express a true statement? How do you 


know? 


6% .53 = 6(50 4°3)4 
6(50 + 3) = 6(50) + 6(3). 


6(50) + Gla) = S00 7°18; 
300 + 18 = 318. 


| Does sentence B express a true 
statement? Upon what property does 


your answer depend? 


J Do sentences C and D express true 


statements? 


From the statements expressed in 
Display 14 you see how the distributive 
property is used to find the product of 
two natural numbers. 

K Now use the distributive property to 
show that each of the following sentences 
expresses: a true statement: 

Q 68) XwA'7) 21.3765 Cy 72) X Si=) 237s 

b 7 xX 92 = 644, d 35 X 26 = 910. 


A look at Display 15. Explain in words 


the condition expressed. 


15 


Universe for,a, 5, and ic. is N. 


(b + c)a = ba + ca. 


B Read again the sentence on page 42 


® expressing the distributive property. 


How does a(b + c) = ab + ac differ from 
(b + c)a = ba + ca? 

C Look at Display 16. What replacements 
have been made for the variables in the 
condition (b + c)a = ba + ca to obtain 
each statement expressed? Is each 
statement true? How do you know? 


16 
A (6.4+°8)19.= 6013) 4.8013), 


Bo (35 4+.19)4 = 15(4) +1004). 
C (7 + 5)83 = 7(83) + 5(83). 


In Display 16 we have three examples in 
which true statements were obtained from 
the condition (b + c)a = ba + ca. Now 
let us see if this condition is satisfied 
by all possible replacements for the 
variables. We will use the properties 


that we already know to help us see this. 


D Look at Display 17. For each 
replacement of a, 6, and c, will the 
condition expressed by sentence A yield a 
true statement? We say that a condition 
"yields" a statement when the variables 
in the condition are replaced by members 
of the universe. 
17 
Universe for a, 6, and c is N. 


A (b+ c)a=a(bt+c). 


B a(b+c) =ab+ac. 


Citab =eiad = bast tea. 


E Upon what property does your answer for 
Exercise D depend? 

F Does the condition expressed by 
sentence B yield a true statement for each 
replacement of a, 6, and c? Upon what 
property does your answer depend? 

G Does the condition expressed by 
sentence C yield a true statement for each 
replacement of a, 6, and c? Upon what 
property does your answer depend? 

H Does (b + c)a = ba + ca yield a true 
statement for each replacement of a, }, 


and c? Explain your answer. 


Now you have learned that 
multiplication distributes over addition 
and that the distributive property can 
be expressed in two forms. We can use 
the sentence a(b + c) = ab + ac or the 
sentence (6 + c)a = ba + ca, whichever 
we choose. 

Next we will decide if addition 
distributes over multiplication. 

A Look at Display 18 on the next 
@ page. Explain in words the 
condition expressed. 


B What replacements have been made for 
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the variables in the condition to obtain 


the statement expressed in Display 18? 


18 


Universe for a, 6, andc is N. 


a (bc) = (att b)oback 3). 


But (4 ¢ (3 hed lS pecle ss 


Now we will decide if the statement 
obtained from a + (bc) = (a + 6) (a +c) is 
true. If the statement is true, then the 
result of adding the product 4°7 to 8 is 
the same as adding each of the factors, 

4 and 7, to 3 and then multiplying 

these sums. 

C Does each sentence in Display 19 express 
a true statement? 


19 


Ap ieict (40° Sas 63 Ss 28. 


B CS=te4) aGdehe7 ) ceiv7 anekd: 


D Is the statement expressed in 
Display 18 true? How do you know? 
E Does addition distribute over 
multiplication for natural numbers? 
F How do we know that the condition 
e expressed in Display 18 is not a 


property for natural numbers? 


Now we will decide if multiplication 
distributes over subtraction for natural 
numbers. 

G Look at Display 20. Explain in words 
the condition expressed here. 


20 


Universe for a, 6, andc is N. 


a(b =(@) tsa be aes 


5( Gt BP = 506) 45 (27, 


H What replacements have been made for) 


the variables in the statement expressed? 


44 


| Is the statement expressed in Display 20 
true? How do you know? 
J Write two other sentences that express 
true statements obtained from a(b ~ c) = 
ab —~ ac. The universe for the variables 
is Ni 
K From Display 20 you noticed that 

@ a true statement was obtained from 
a(b — c) = ab —ac. In Exercise J you 
obtained two other true statements from 
this condition. Do you think that we can 
accept as true the property that 
multiplication distributes over 
subtraction for all natural numbers? 
Explain your answer. 
L Now look at Display 21. Explain in 


words each condition expressed. 


2\ 


Universe for a, 6, and < 

(bc) = (a — b) (a 
(at by 
(a — b) 
(a + b) 


(b -~c) = 
(b +c) = 
(b + ¢) = 


M For each condition expressed in 
Display 21, write a sentence that expresses 
a statement obtained from the condition. 
N Which sentences that you obtained in 
Exercise M express true statements? How 
do you know? 
0 Does subtraction distribute over 

@ multiplication for natural numbers? 
Does addition distribute over subtraction? 
Does subtraction distribute over addition? 


Does addition distribute over division? 


On Your Own 
In ixercises 1 through 14, use the 
associative, commutative, and distributive 


properties to decide whether each sentence 


expresses a true statement or a false 16 “n( 14-46) < 82. 


statement. For each true statement, name 17 10 = x(3°+ 2). 
the property that you used to make your 18 a(6 262) = 4(5) + a(2). 
decision. 19 yoyias=2S(8 0.0 4)9 

ay ZCB)i ae AO)IS KE +B: 20° 1exq= Bx + dx. 

2 104+ 73 = 73 +19. 21 Dy) 7 20. 

3 (16 > 5)@-snaG(imee 3)c 22 30 - a = 14(3) ~ 14(2). 
Pt UG Ga 2) = C7 a BGA), 23 k 2O/S110(2\4°4):. 

9» 4(21 + 9) = 4(21) + 4(9). 24 2h < 6(4) + 5(2). 

6 (16 - 11)8 = 16(8) - 11(8). 200 RO Fe) =i n(5) nl 2); 
tiode + Oo) + 4— loa (8 4 4). 20) (OX er OREO OX. 

B to ei = Cie BS. 


iiie alike ails LHe 
9 14- (1.4.3) = (44.-4),4(14.- 8). 
Omer) toe (a, 
I] 12(6 - 2) = 12(6) - 12(2). 
Pees Wed fib 2 2) a ad). 
Peeetetd 1) = BC 3). 
Maat (Ase) = (14 +4) 4. (14-4+ 9), 


For each of Exercises 27 through 36, 
a sum is expressed. Use the distributive 
property to express each of these sums as 
a product. For Exercise 27 you could 
write the following: 

15 Te B5rea5 03) 6485 (7) 

SC 2) 405 WAu=n5(3 +17): 


For each condition expressed in Zt) Abo teSO SAMBECOTEISE 
Exercises 15 through 26, tabulate the 25) SenrioG oo S%orsn1e5 
solution set. The universe for the 2 56+ 14 34 130 + 20 
variables is N. 30 45+ 18 35016 +. 34 
ip eh. — 4) = 12. 31 4682024 36° ,30nt 75 


EXPLORING IDEAS In this lesson you will learn about expressions and 

Lesson 9 

Sak lat =! standard names for numbers. 
A Numeral A in Display 1 tells us that B You know that another name for the 
we have obtained the number 9+7 by number 9+7 is the numeral 16. Does the 
addition. What does each of the other numeral 16 contain a symbol for an 
numerals tell us? operation? 


The numeral 16 is the standard name 


of the number that can be expressed by 


such numerals as 9+7 and 32+2. A numeral 


Each numeral in Display 1 contains a is a standard name of a natural number if 
symbol for an operation. A numeral that the numeral occurs in the list of symbols 
contains one or more symbols for operations 0, 1, 2, 3):°:*. Thus, the standard names 
is an expression. that we commonly use are those that are 


Expressions; standard names; simplifying 45 
expressions; order of operations 


constructed according to the properties 
of our base-ten numeration system. 
C Is the expression 32+2 the standard 


name of a number? Explain your answer. 


Expressions are formed from standard 
names and symbols for operations. 
D What standard names and operation 
symbol were used in forming the 
expression 8° 2? 
E For each expression in Display 1, 


give the standard name for the number. 


In Exercise E you discovered that each 
expression in Display 1 is a name for the 
number 16. In your earlier work in 
arithmetic, you learned how to use 
computation to find standard names of 
numbers. For example, you used computation 
to find the standard name of 38°75. 

Now let us determine the difference 
between an operation and computation. An 
operation assigns a number to an ordered 
pair of numbers. Thus, multiplication 
maps (38,75) onto 38°75. Now we 
have carried out the operation of 
multiplication. Computing enables us 
to find a standard name for 38°75. When 
we find the standard name 2850, we have 
used the multiplication process. The 
familiar addition, subtraction, 
multiplication, and division processes 
that you use in arithmetic enable you to 
find standard names of numbers. 

In arithmetic most of your time has been 
spent in learning to compute. Thus, you 
worked with names of numbers. Now you 
are learning much more about the numbers 
themselves, their properties, and the 


properties of operations on numbers. 


46 


You have already learned how the 
symbol for "equals" is used with numerals. 
We write the sentence 38 + 75 = 2850 to 
express the statement that 38°75 and 2850 
are the same number. In other words, the 
expression 38°75 and the standard name 
£850 represent the same number. 

F look at expression A in Display 2. 


What operations have been performed? What 


numbers are involved in each operation? 


A 4(5) + 4(3) 


BOUT) = oles 


G Give the standard name for the number 
represented by expression A. 


H Is 4(5) + 4(3) = 32 a true statement? 


When we obtain the standard name of a 
number represented by an expression, we 
have simplified the expression. 
| Look at expression B in Display 2. 

The expression includes what operation 
symbols? 

J Simplify expression B. 

K Now look at Display 8. What operation 


symbols does expression A include? 


Since expression A does not contain 
parentheses, we can think of two possible 
ways to simplify the expression. 
Expressions B and C indicate these two 
ways. 

L The parentheses in expression B tell 
us that 6 has been multiplied by the sum 
4+3,. Simplify expression B. 


M The parentheses in expression C tell 
us that the product 3*6 has been added 

to 4. Simplify expression C. 

N Is the standard name that you obtained 
in Exercise M the same as the standard 


name that you obtained in Exercise L? 


It is clear that the product of (4+3) 
and 6 is different from the sum of 4 and 
(3°6), For this reason, we must agree on 
the meaning of expressions that contain 
no parentheses. If we do not, we cannot 
accept the group of symbols 4+3°: 6 as 
a numeral, since it is not a name of just 
one number. In expressions that do not 
include parentheses, we will agree to give 
multiplication and division preference 
over addition and subtraction. We will 
agree that multiplication or division 
has been performed first. Of course, if 
the expression includes parentheses, the 
parentheses will indicate how to simplify 
the expression. 

0 Now we can simplify expression A. What 
is the standard name of the product 3°6? 

P What is the standard name of the sum 
4418? 

Q Is 4+3-° 6= 22 a true statement? 

How do you know? 

R look at expression A in Display 4. How 
do you know that 24 has been divided by 4 
and that the quotient has then been added 


to 9? Simplify expression A. 


4 
ANGE BSE 4 OP BSH VHS 
E 424 28: +3 


a eh lal 
CES Ser es SEP eee ry. Te els 


S$ Simplify each of the other expressions 


in Display 4. 


T Are all the expressions in Display 4 


names for the same number? 


On Your Own 
Exercises 1 through 4 give the standard 
names of four different numbers. For each 
number, write five names besides the 
standard name. 
1 6 3 25 
2 18 4 27 


In each of Exercises 5 through 15, 


simplify the expression. 


5a 9 AOow zg 

Gy MS24 LG eh87 

TQ BRMVERS e423 
8. 16%= 5a 93 
9mita~ 24.218 


l0 (24+ 3)(2+ 7) 
ll 6(5+2)+4-° 8 
I2 7+8:3+6 
1312i° 5:- 45.443 
IN) 1624-2 (64-2)5 
I5 8(4+6)(3 + 7) 


In each of Exercises 16 through 27, 
tell whether the sentence expresses a true 
statement or a false statement. 

16 6(7) + 6(2) = 6(9). 

I7 4(8 + 2) = 84. 

184 18ite7s hz S025) 2: 

19 4(17 - 3) = 56. 

20 (16 + 5)6 = (21)6. 

ZISt Akt B€7 14) 9)e= 304-413) (7 0479) « 
22) 48476 =93 =229°18: 

23745 + 8) (eta Pat 7-446): 
2418+ 8+ 21+ 7 = 3(5) - 3(2). 
25 (14 +9)4+ 2 = (238)6. 

26 100 + 10 - 5 = 5(4). 

2 eee Bred. = 12. 
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In each of Exercises 28 through 38, 
place parentheses in the sentence so that 
the sentence expresses a true statement. 
286 oOo, 63. 16, 

2 18-8-3==8. 
SO0.neb +74 eS otwihie Ge 
31 60 = Bewly care pan. 


EXPLORING IDEAS 
Lesson 10 
Booklet 7 


In this booklet you have learned how 
we obtain the set of natural numbers. You 
have studied the operations of addition 
and multiplication for natural numbers, 
and you are familiar with some of the 
properties of these operations. The aim 
of this lesson is to show how the natural 
number system is made up of the numbers, 
operations, and properties that you have 
been studying. 

A Look at Display 1 at the top of the 
next page. Describe the set tabulated. 

B Which properties expressed in Display 1 
involve just addition? Which properties 
involve just multiplication? Remember 
that a property is a condition that yields 
a true statement for each permissible 
replacement of the variables. 


C Which property expressed in Display 1 


relates, or brings together, the operations 


of addition and multiplication? 


D Each of the following sentences expresses 


a true statement. 
the property expressed in Display 1 upon 
which the truth of the statement depends. 
a (4 °*-3)5.= 4a), 

b. 6(2°47) ="G.> "aga seer. 

Cc) 2o:t=30 = 39 7 alo. 


I 


48 The system of natural numbers 


natural number system. 


For each statement, name 


32. BOF OD dicots 45. 
33 Sehigh fiche Bie VR 
34°9= 14+24+ 3-14. 
She Bist ewe wellS wads 
36 Syseddi@ade 234) Doct Ae 
Sf AZ at Geers s Di = 4s 
38) 10°=-40 + Setog = 1. 


i 


In this lesson you will learn about the 


d (7G 12) 4+ Nei Te eee 
e 609 24 =84 w G6; 
f 35+ 234 is a natural number. 


g 3594+ 72939 is a natural number. 


We are now able to give the definition 
of the system of natural numbers that we © 


have been preparing you for. 


system of natural numbers. The system 
of natural numbers is made up of the 
set of natural numbers and the 
operations of addition and 


multiplication. The operations of 
addition and multiplication must be 
closed and be both commutative and 
associative. Multiplication must 
distribute over addition. 


Notice from the definition that the 
system of natural numbers includes a set 
of objects, two operations, and certain 
properties of these operations. We say 
that any set of objects is a number 
system if it acts as the set of natural 
numbers does relative to two operations 
and the properties of these operations. 
The objects in such a set are called 
numbers. 

As you continue your study of 


mathematics, you will learn about several 


Universe = {0, 1, 2, 


Operations: ———————————_» greet 
Closure properties: —————-4a+b is a member of N. 


Commutative properties: ya + b= 5b +a. 
Associative properties: ———5(a + 2) + ¢c = a + (bf+ o). 


Multiplication 

ab is a member of N. 
ab = ba. 

(ab)c = a(bc). 


Distributive property: —$— ah t+ c) = ab + ac. 


number systems and study their properties. 
Now we will decide if another set forms a 
number system. To make this decision, we 
must decide if the properties that we have 
studied for addition and multiplication 
are satisfied by the members of the set. 

A Look at Display 2. Is each member of 
set E a natural number? Is the number 2 
a factor of each member of E? Describe 


the set tabulated. 


Now we will see if E is closed under 


addition and multiplication. To do this, 
we must determine if a+b and ab yield even 
numbers for each replacement of a and }b 
from set E. 

B Let us use 6 as a replacement for a, 

and 14 for 6 in both a+6 and ab. Are 

6 and 14 even numbers? How do you know? 

C Is 64+14 an even number? Is 6X14 an 
even number? 

D Select another replacement from & for 

a and b inat+b. Is the sum that you 
obtained an even number? 

E Use the replacements from Exercise D 
for a and b in ab. Is the product that 
you obtained an even number? 

F Do you think that E is closed under 
addition and multiplication? Explain 


your answer. 


G Have we proved that a+b and ab 
? yield even numbers for each 
replacement of a and 6 from set E? 
Explain your answer. 
H You know that 2 is a factor of 
@ every even number. Let 2m represent 
any even number and 2n another even number. 
The universe for m andn is N. Now use 
the distributive property to show that 2 
is also a factor of the sum of any two 
even numbers. 
| Show that the product of any two 
@ even numbers is also an even number. 
J Now, using the results of 
® Exercises H and I, can we say that 


we have proved that E is closed under 


addition and multiplication? 


Next we will see if addition and 
multiplication are commutative in set E. 
K look at Display 38. For each of the 
statements expressed, what replacements 
have been made for the variables in the 


conditions? 


Is each statement true? 
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L Do you think that addition and 
multiplication are commutative in set E? 


Explain your answer. 


Now we will decide if addition and 
multiplication are associative in the 
set of even numbers. 

M Look at Display 4. For each of the 
statements expressed, what replacements 


have been made for the variables in the 


conditions? Is each statement true? 


N Do you think that addition and 
multiplication are associative in set KE? 


Explain your answer. 


Now we will decide if multiplication 
distributes over addition in set E. 
0 Look at Display 5. For each of the 
statements expressed, what replacements 
have been made for the variables in the 


condition? Is each statement true? 


B= 10, ay ayer 


Oe ee 
4(12 + 8 (12 


)=4 
2(6 + TO yee (OB ae 
all = 


56(24 + 18) 56( 24 6(18). 
P Do you think that multiplication 
distributes over addition in the set of 


even numbers? Explain your answer. 


We have concluded on the basis of 


several examples that, in the set of even 
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numbers, addition and multiplication are 
closed; addition and multiplication are 
commutative and associative; and 
multiplication distributes over addition. 
Q Is the set of even numbers a number 
system relative to addition and 
multiplication? Explain your answer. 

R You know that both addition and 
® multiplication are commutative and 
associative in the set of natural numbers. 

You also know that multiplication 
distributes over addition. Can you use 
these facts to determine if these 
properties hold true for subsets of the set 
of natural numbers? Explain your answer. 
S Suppose you are working with 

@ subsets of the set of natural 
numbers. You wish to determine if these 
subsets form number systems with addition 


and multiplication. Is there a single 


_ property that you can examine for each 


operation to see if you have a number 


system? Explain your answer. 


On Your Own 

In kxercises 1 through 15, tell whether 
each sentence expresses a true statement 
or a false statement. Then, for each true 
statement, name the property of a natural 
number system that you used to make your 
decision. 

[ICA OSs Grees 

ea a2 GN Mice ad hf cd 
4(3 + 2)°="4( 3) acer): 
14+ 37 is a natural number. 
ort) Cor ates eee IN ies 
SG. ore res 
COPEL OPEV ED 215 tere cee 
0+13 is a natural number. 


186+" 1, = "106. 


oC DAN Do FF W BND 


10 17+ 385= 3% + 17. AUIS Tg OS 0 OCIS 2 ae arma 8 


10 « 16= 16 G 21° 2(5¢) = (2° BSje. 

IZ (8 “si1) 404 ="(Bus 21} +°08!+ 24). 22, 14%4= Tix+ Bx. 

13. 7-12 is a natural number. 23. (19 + 14) + « = 19:4 (x + 14). 
a 18 + S66) & 2: 184-4264 ie). 24 ee oe of DS Xe 


160 (14 = 13)1 = 24(130+ 41). 


For each set tabulated in Exercises 25 


For each condition expressed in through 27, tell whether or not the set 
Exercises 16 through 24, tabulate the is a number system relative to addition 
solution set. The universe for the and multiplication. If the set is not a 
variables is N. number system, tell what property is not 
16 x(7 — 3) = 20. satisfied. 

17 7(4) + 8(4) = 65 = a. je iid ee oe © Rea 
18 y + 15= 9(6 - 4). 74S cig Dl = Ae ciel 
IS 5s Hie 4 em SH 5). Lipa my Ope, FLU, dics AD, tee eee 


EXPLORING IDEAS In this lesson you will learn about other examples 
Lesson 11 
Booklet 7 of number systems. 

For several lessons now, we have been addition and multiplication that we will 
working with natural numbers and the system use for set M are not quite the same as 
of natural numbers. The set of natural those we use with the natural numbers. 
numbers is an infinite set. B The two sentences in Display 2 show 

Now we will decide if some sets that how we have agreed to think about 
are not infinite also form number systems addition and multiplication for set M. 
relative to two operations. Sentence A expresses the statement that 
A Look at Display 1. How many members are the sum of any even number and any odd 
in set M? Is set M an infinite set? number is an odd number. What statement 


is expressed by sentence B? 


M = {E, O}. 


We will use the letter EF as a name for 


the set of even numbers, and the letter 0 


as a name for the set of odd numbers. Thus, C kLook at Display 3 on the next page. 
M is a set of two members. Each of the The first table expresses the sum of any 
members, & and 0, is a set in itself. two members of M; the second table 

You know that in the system of natural expresses the product of any two members. 
numbers we need the operations of addition D To find a name for the sum of E and 0, 
and multiplication. The operations of you find the name in the space below the 


Finite number systems d1 


letter EF and to the right of the letter 0. 


What member of M is named here? 

E The sum of what other members of M is 
also Of 

F To find a name for the product of 0 and 
EK, you find the name in the space below 
the letter 0 and to the right of the 
letter £. What member of M is named here? 
G The product of what other members of M 


is also E? 


Now we have a set M and two operations 
on M. Next we will decide if both 
operations are closed; if both operations 
are commutative and associative; and if 
one operation distributes over the other. 
H Is the sum of any two members of M also 
a member of M? Is the product of any two 
members of M also a member of M? 
| Is set M closed under the operation of 
addition? Is set M closed under the 


operation of multiplication? 


We must also decide if addition and 
multiplication are commutative in set M. 
J look at Display 4. We will use the 
addition table in Display 38 to decide if 
sentence A expresses a true statement. 
K What member of M is the sum of E and O? 
What member of M is the sum of O and Ek? 
L What replacements were made from set M 
for the variables ina + b= 6 +a to 
obtain the statement expressed by 
sentence A? Does the sentence express 


a true statement? How do you know? 


O28 


Baxe0 =40" x ig 
kx EF 


OX 0. 


EXE 
Ox 0 
Ox E=ExXO. 


M Do sentences B, C, and D express true 
statements? How do you know? 
N How can you use the multiplication table 
in Display 38 to decide if sentence E 
expresses a true statement? WHat 
replacements from set M were made for the 
variables in ab = ba to obtain the 
statement? 
0 Do sentences F, G, and H express true 
statements? How do you know? 

P Do the sentences in Display 4 


@ express all possible statements 


obtained from a + b = 6 + a when the 


members of set M are used as replacements 
for the variables? 

Q Is the operation of addition 
commutative in set M? Is the operation 
of multiplication commutative in set M? 


Kxplain your answers. 


Now we will decide if addition and 
multiplication are associative in set M. 
A Look at sentence A in Display 5 on the 
next page. We will use the addition table 
in Display 38 to help us simplify each 
expression in the sentence. To simplify 
(E+0) +E, we must first find the sum of E 
and 0. Is 0 the sum of E and O? How do 
you know? Next, we will add E to the sum 
of E and 0. 


B Is (E+ 0) +EF=0 a true statement? 


What member of M do we obtain? 


How do you know? 


A 
B 
c 
D 
E 
F 
G 
HE 


C Next we will simplify the expression 
E+(0+E) in sentence A. 
the sum of O and E. 


First we must find 
Is O the sum of O and 
E? How do you know? 

D Now we will add to E the sum that we 
obtained in kxercise C. What member of M 
do we obtain? 

E Is £ + (0 + E) = 0 a true statement? 

How do you know? 

F Is (E+0) +E=E+(0+8&) a true 
statement? How do you know? 

G What replacements from set M were made 
for the variables in (a + b) +c = 

a + (b +c) to obtain the statement? 

H How do you know that each of the other 
sentences in Display 5 expresses a true 
statement? 

| Do the sentences in Display 95 express 
all passible statements obtained from 

(a + b) +c =a + (b +c) when the members 
of set M are used as replacements for the 
variables? 

J Is the operation of addition associative 
in set M? How do you know? 
K Now look at Display 6. Use the 
multiplication table in Display 3 to 


simplify each expression in the sentence 


(eR o)f = ECO x B). 


M = {E, O}. 


(ab)c = albc). 
(E X O)E = E(O X &). 


L Is (& X O)E = F.a true statement? Is 
E(O X E) = E a true statement? Explain 
your answers. 

M Is (£ X 0)E = E(O X E) a true statement? 
How do you know? 

N What replacements were made for the 
variables in (ab)c = a(bc) to obtain the 
statement? 

0 To be certain that multiplication is 
associative in set M, we must decide if 

all possible statements obtained from 

(ab)c = a(bc) are true. Write the seven 
other sentences that express statements 
obtained from (ab)c = a(bc). Use the 
members of M as replacements for the 
variables. 

P Is each statement that you obtained in 
Exercise O true? How do you know? 


Q Is the operation of multiplication 


associative in set M? 


Finally, we will decide if multiplication 
distributes over addition in set M. 
A Look at sentence A in Display 7. Use 
the tables in Display 8 to simplify each 


expression in the sentence. 


M = {E, 0}. 
ab + ac. 
EX &) 
O X &) 
) 

) 


alo thc) 
E(E + 0) 
O(E + 0) 
E(O + 0) 
O(E + B) 


PE Os 
eke kel) « 
FAY RIOD. 
+ (0 X B). 


fa tau 
Oi oF 


( 
( 
( 
( 


o3 


B Is E(E + 0) = E a true statement? Is 
(E X E) + (E X 0) = E a true statement? 
Explain your answers. 
C Is E(E +0) = (E X E) + (EX 0) a true 
statement? How do you know? 
D What replacements were made for the 
variables in a(b + c) = ab + ac to obtain 
the statement? 
E How do you know that each of the other 
three sentences in Display 7 expresses a 
true statement? 
F Write the four other possible 

@ sentences that express statements 
obtained from a(b + ¢) = ab + ac. 
G Is each statement that you obtained in 
Exercise F a true statement? How do you 
know? 
H Does multiplication distribute over 


addition in set M? 


We have seen that set M is closed 
under the operations of addition and 
multiplication; that addition and 
multiplication are commutative and 
associative; and that multiplication 
distributes over addition. 
| Is set M a number system relative to 
addition and multiplication? Explain 
your answer. 

J Explain why we can now refer 

@ to E and O as numbers. 

K Now look at sentence A in Display 8. 
The sentence tells us that the result of 
dividing 18 by 5 is the quotient 2 and a 
remainder of 3. Does sentence A express 
a true statement? 
L Does each of the other sentences in 
Display 8 express a true statement? 
M Tabulate the set whose members are 


the remainders expressed in Display 8. 
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138+ 5 = 2 and a remainder of:a: 


146 + 5 = 29 and a remainder of 1. 


89 + 5= 17 and a remainder of 4. 
112 + 5 = 22 and a remainder of 2. 
65 + 5 = 18 and a remainder of 0. 


N Look at Display 9. Is the set 
tabulated here the same set that you 


tabulated for Exercise M? 


R= 40S 2 oevaye 


0 Select any three natural numbers. 
Divide each of these numbers by 5. For 
each number tell what quotient and what 
remainder you obtained. 

P Is each of the remainders that you 
obtained in kxercise 0 a member of set R? 
Q Does set R contain all possible 
remainders that can be obtained by 
dividing any natural number by 5? Explain 
your answer. 


R Is set R an infinite set? 


We will decide if set R is a number 
system relative to two operations. The 
operations of addition and multiplication 
that we will use on set R, however, are 
different from the ordinary operations of 
addition and multiplication. 

A Look at Display 10. What statement is 


expressed by sentence A? 


RO Paes bo ea 
A 443 ="2. 
B38 + 2:= 0: 


C 2+ 4 
D4+4 


You know that ordinary addition maps 
(4,3) onto the number that is the sum of 
the components. In our new addition, we 
first map (4,3) onto the number that is 
the sum of the components. We then divide 
this sum by 5 and use the remainder for 
our new sum of 4 and 3. 

B Is the number 7 the ordinary sum of 4 
and 8? When we divide 7 by 5, do we 
obtain the quotient 1 and a remainder 
OTe 

C How can we use our new operation of 
addition to decide if sentence A expresses 
a true statement? 

D How do you know that each of the other 
sentences in Display 10 expresses a true 
statement? 

E Display 11 contains a table that 
expresses the sum of any two members of R. 
To find a name for the sum of 4 and 1, you 
find the name in the space below the 


numeral 4 and to the right of the numeral 


1. What member of R is named here? 


F Are there other pairs of members whose 
sum is also 0? Name them. How did you 
obtain your answers? 

G Is the sum of any two members of R 

also a member of R? Is set R closed under 
our new operation of addition? How does 
the table in Display 11 help you decide 


that set R is closed under addition? 


Now we will see how multiplication in 
set R differs from ordinary multiplication. 
H look at Display 12. What statement is 


expressed by sentence A? 


Ri wO, Whe Be) Swabs 
Aye2 X13 =11% 


B 4X 2= 3. 
C 3X 4=2. 


You know that ordinary multiplication 
maps (2,3) onto the number that is the 
product of the components. In our new 
multiplication, we first map (2,3) onto 
the ordinary product. We then divide 
this product by 5 and use the remainder 
for our new product of 2 and 8. 
| When we divide 6 by 5, do we obtain 
the quotient 1 and a remainder of 1? How 
can we use our new operation of 
multiplication to decide if sentence A 
expresses a true statement? 

J How do you know that each of the other 
sentences in Display 12 expresses a true 
statement? 

K Look at Display 18. To find a name for 
the product of 1 and 8, you find the name 
in the space below the numeral 1 and to 
the right of the numeral 3. What member 
of R is named in this space? Why is 8 

the product of 1 and 8? 
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L Copy and complete the table shown in 
Display 18. 

M Are there other pairs of members of R 
whose product is the same as the number 
that you obtained in Exercise K? Name them. 
N Is the product of any two members of R 
also a member of R? Is set R closed under 
the operation of multiplication? 

0 How does the table that you made for 
Exercise L help you decide that set R is 


closed under multiplication? 


Now we have a set R and two operations 
that are closed under R. We will decide 
if addition is commutative in set R. 

P Look at sentence A in Display 14. We 
will use the table in Display 11 to help 


us decide if the sentence expresses a 


true statement. 


Raz 10, peer OP) Ane 

atb=bta. 
HirER AL 
AatiZ. 
AT 28, 


A+i 
o9+-4 
a+ 4 


Q What member of R is the sum of 4 and 1? 
What member of R is the sum of 1 and 4? 

R Does sentence A express a true 
statement? How do you know? 

S Does each of the other sentences in 
Display 14 express a true statement? How 
do you know? 

T Do the sentences in Display 14 express 
all possible statements obtained from 
a+b= b+ a? Remember, the universe for 
the variables is set R. 

U If you use members of set R as 


replacements for the variables in 


a + b= b+ a, is-it-possible. to write 
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a sentence that expresses a false 
statement? 

V Do you think that addition is 
commutative in set R? 

W The table in Display 15 below is the 
same as the table shown in Display 11. 
The numerals in dark type make up the 
diagonal of the table. This diagonal 
extends from the upper left to the lower 


right. Find the sum of 1 and 2 Is 


this sum expressed below the diagonal? 


X Find the sum of 2 and 1. Where is 

the name of this sum located in the table 
in Display 15? 

Y How do the positions of the numerals 
in the table show that addition is 


commutative in set R? 


Now we will decide if multiplication 
is commutative in set R. 
A Look at sentence A in Display 16. We 
will decide if the sentence expresses a 
true statement. Use the table you 


completed for Exercise L on this page. 


R=" 407 fee Serta se 
a 0mm Oae 
A sc ee =e ee 


B 4x1= 1X4, 
C.1.3;% 4 & A XB. 


B What member of R is the product of 8 
and 2? What member of R is the product 
of 2 and 8? 
€ Does sentence A express a true 
statement? How do you know? 
D Does each of the other sentences in 
Display 16 express a true statement? How 
do you know? 
E When you replace the variables in ab = ba 
by members of R, is it possible to write a 
sentence that expresses a false statement? 
F Do you think that multiplication is 
commutative in set R? Explain your answer. 
G How do the positions of the 

® numerals in the table that you made 

for Exercise L on page 56 show that 


multiplication is commutative in set R? 


We will decide if addition and 
multiplication are associative in set R. 
H Look at sentence A in Display 17. We 
will use the table in Display 15, page 56, 
to help us decide if the sentence expresses 


a true statement. 


feG, ee 3) 4}, 
(a+b) te=a + (b +c). 
Cees = Ar (ot). 
eed 4.2 2 (8. +4), 


(ab)c = a(bc). 
i tee )Si=aA( ae 8), 
Oe #4 =T1CSo7 24) 3 


| To simplify the expression (4+2) +3, 
we will first find the sum of 4 and 2. 
How do you know? 


What 


Is 1 the sum of 4 and 2? 
Now we will add 8 to this sum. 
number do we obtain? 


Ji Ts (4+ 2) + 3 =94 a true statement? 


How do you know? 


K Next we will simplify the expression 
4+(2+3). 
2 and 3. 


First, we will find the sum of 
What number do we obtain? Next 
we will add this sum to 4. What number 
do we obtain? 

L Does 4 + (2 + 3) = 4 express a true 
statement? How do you know? 
M Does sentence A express a true 
statement? How do you know? 
N Does sentence B express a true 
statement? How do you know? 

0 How many possible statements can 

@ you obtain from (a + b) +e = 
a + (b + c) by using the members of R as 
replacements for the variables? 

P Do you think that each statement 
obtained from (a + 6) tc =at(b4tc) 
is true? 

Q When you use members of R as 
replacements for the variables in 
(a+b) +c =a+ (b+ c), is it 
possible to write a sentence that 
expresses a false statement? 

R Do you think that addition is 
associative in set R? Explain your 
answer. 

S Now use the multiplication table that 
you made for Exercise L, page 56, to 
decide if sentences C and D express true 
statements. Does each of these sentences 
express a true statement? How do you know? 
T When you use members of R as 

replacements for the variables in 

(ab)c = a(bc), is it possible to write 

a sentence that expresses a false statement? 
U Do you think that multiplication is 
associative in set R? Explain your answer. 


Now we will decide if multiplication 


distributes over addition in set R. 
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V Does each sentence in Display 18 express 


a true statement? 


RisgtO, 21, 
a(b +c) = 


2(4 + 3) 
Ol ads) 
AOFt 4) 


W When you use members of R as 
replacements for the variables in 

a(b.+ c) = ab'+ ac, is it possible to 
write a sentence that expresses a false 
statement? 

X Do you think that multiplication 
distributes over addition in set R? 


Explain your answer. 


We have studied many examples that 
show us that set R is closed under the 
operations of addition and multiplication; 
that both operations are commutative and 
associative; and that multiplication 
distributes over addition. Since we were 
unable to obtain any false statements from 
the properties, we will accept these 
properties for all members of R. 

Y Is set R a number system relative to 
our new operations of addition and 
multiplication? Explain your answer. 

Set R forms a very interesting number 
system. While there are only five members 
in the entire system, this system has 
important applications in modern physics 
and chemistry. 

You remember that the set of natural 
numbers is not closed under subtraction. 
Let us decide if set R is closed under 


subtraction. 
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A Look at Display 19. To find the 
number onto which (2,4) can be mapped by 
subtraction, we must find the replacement 
for x that satisfies the condition 
expressed by sentence A. "2 - 4 = x" 
means you are to find the replacement 
for x that enables you to obtain a true 
statement from the condition expressed 


by sentence B. 


Rs=1(0,- 1902) ¥S8ie4}: 


(2,4) 


As Qitey Ansa x3 Br@s=e xvas 


B Look again at Display 15 on page 56. 

Is the sum of 3 and 4 the number 2? Onto 
what member of R can (2,4) be mapped by 
subtraction? 

C Onto what member of R can each of 

the following ordered pairs be mapped 

by subtraction? 

Cd Beal ode 9 earl vee) 

D Can you think of an ordered pair whose 
components are members of R and whose 
difference is not a member of R? 

E Do you think that set R is closed under 
subtraction? Explain your answer. 

F Look at Display 20. To find the 
number onto which (2,4) can be mapped 

by division, we must find the replacement 
for x that satisfies the condition 
expressed by sentence A. "2 + 4 = x" 
means you are to find the replacement 
for x that enables you to obtain a true 


statement from 2=x-°: 4. 


R = ip, us; Ry 3, 4}. 
(2,4) 


Ato) + 4:30 


G Now use the multiplication table that 
you completed for set R. Is the product 
of 3 and 4 the number 2? Onto what member 
of R can (2,4) be mapped by division? 
H Onto what member of R can each of the 
following ordered pairs be mapped by 
division? 
eet) ye Nh, o)) ABS) 
| Do you think that set R is closed 
under division? Explain your answer. 
J Look at Display 21. How many 
@ members are in set S? The results 


* and # are 


of performing the operations 
shown in the tables. Use the tables to 


decide if set S is a number system relative 


to * and #. 


In this lesson and the preceding one, 
you have been working with different 
examples of number systems. For each 
example you noticed that you had a set, 
two operations, and some common properties. 
We say that these different examples have 
a common structure. You will learn more 
about the structure of mathematical systems 


as you continue your study of mathematics. 


On Your Own 

| Set F is tabulated in Display 22 in 
the next column. Does set F contain all 
possible remainders that can be obtained 
by dividing any natural number by 3? 

2 Is set F closed under addition? Under 


multiplication? Explain your answers. 


3 Are addition and multiplication 
commutative in set F? Explain your answer. 

4 Are addition and multiplication 
associative in set F? Explain your answer. 

5 Does multiplication distribute over 
addition in set F? Explain your answer. 

6 Is set F a number system relative to 
the operations of addition and 
multiplication? Explain your answer. 

7 Set G is tabulated in Display 23. 

Does set G contain all possible remainders 
that can be obtained by dividing any 


natural number by 7? 


steer Weeks Gece ae ei at 


8 To add members of G, first find the 


ordinary sum of two members of G. Next, 
divide the sum by 7 and use the remainder 
for the new sum. Copy and complete the 
table in Display 23. 

9 Is set G closed under addition? 


Explain your answer. 
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10 Is addition commutative and associative 


in set G? Explain your answer. 
I! Look at Display 24. To multiply 


members of G, first find the ordinary 
product of two members of G. Next, 
divide the product by 7 and use the 
‘remainder for the new product. Copy 


and complete the table in the display. 


Go Owe eee Ge 


12 Is set G closed under multiplication? 


Explain your answer. 
13 Is multiplication commutative and 


associative in set G? Explain your 
answer. 

14 Does multiplication distribute over 
addition in G? Explain your answer. 

15 Is set Ga number system relative 
to the operations of addition and 


multiplication? Explain your answer. 


For each of the conditions expressed 
in Exercises 16 through 23, tabulate the 
solution set. The universe for the 
variables is set F, tabulated in 


Display 22 on the preceding page. 


1G fee x, 20. Ge 

Lee ee 7 2 
1Be er Cloaox, 20 at ae 
Cie ae ee 23.) 2 1l=s, 


EXPLORING | DEAS 
Lesson 12 
Booklet 7 


You have learned about the properties 
required for a number system. In this 
lesson you will learn that a number 
system may have additional properties. 
A Look at Display 1. What natural 
number is associated with set E? With 


set F? 


Brit}: 


* £5 ncSam? ines 


B Tabulate FE UF. Is the sum 0+4 
associated with — UF? How do you know? 
C Is set F the same as the set that you 
tabulated in Exercise B? 


60 The tdentity elements for addition 
and multiplication 


In this lesson you will learn that the natural numbers zero 


and one possess special properties. 


D Is 0+ 44 a true statement? 
E Look-sat the sets tabulated «in 
Display 2. What natural number is 


associated with set C? With set D? 


With set hk? 


Gori tl sidpade ity Ob. 


=. {10C ara). 
ee 


F ‘Tabulate F ULC. *Is the sum 045 
associated with this set? How do you 
know? 

G Tabulate FE UD. What sum is associated 


with this set? How do you know? 


H Is set C the same as set F UC, which 
you tabulated in Exercise F? IsO+5= 5 
a true statement? 

| Is set D the same as set F UD, which 
you tabulated in Exercise G? IsO+3= 3 


a true statement? 


In kxercise C you noticed that —F UF is 
the same set as F. In Exercise H you 
noticed that £ UC is the same set as C. 
From our definition of unton you know that 
the union of two sets is the set of all 
the members of one set together with all 
the members of another set. 

J Suppose that 4A is any set associated 

with a natural number. Will { } UA be 

the same as set A? kxplain your answer. 

K You know that 0 + 4 = 4, 0+ 5 = 5, and 
0 +3 = 3 are true statements. Now suppose 
that A is any set associated with a natural 
number, and that a = n(A). Remember that 
we read a = n(A) as "a equals the number 
of members in set A." You know that 
Dra ent hs 
Do both 0+a and a represent the number 


of members in the same set? 


Now we know that the sum of O and any 


natural number is identical with the natural 


number. For this reason, we call the 
number 0 the identity element for addition. 
Since the sum of O and any natural 
number is the natural number itself, we 
call this property the tdentity—element 
property for addition of natural numbers. 


This property may be expressed as follows: 


The universe for a is N. For each 
replacement of a, a true statement is 
obtained from 0 +a=a. 


L Do you think that some other 


@ member of N besides zero is also an 


With what set is O0+a associated? 


identity element for addition? Explain 
your answer. 

M Look at Display 38. For each statement 
expressed, tell what replacement has been 
made for the variable a inO+a=a. How 
do you know that each sentence expresses 


a true statement? 


Vc= 
Cer diate. 


OPER 183 
Oi OOs= 99; 
O.#1'Gg=00: 


N Is the condition that is expressed in 
Display 4 a property? Remember that if a 
condition is a property, it must yield 

a true statement for each replacement of 


the variable. 


0 Look at Display 5. 


We will decide if 
each of the conditions that is expressed 
here is a property. Since subtraction is 
related to addition, we will think of what 
each condition means in terms of addition. 
The condition expressed by sentence A 

means to find replacements for a that 

satisfy a= 0+ a. In other words, what 
natural number can we add to O to obtain 


the natural number itself? What property 


did you use to obtain your answer? 
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P Is the condition expressed by sentence A 
a property? Explain your answer. 

Q Now look at sentence B in Display 5. 

The condition a —- 0 = a means to find 
replacements for a that satisfy a=at0. 
Is a - 0 =a a property? 
R Look at sentence C. The condition 

0 - a = a means to find replacements for 
a that satisfy O0=a¢+a. DoesO=atea 
yield a true statement for each replacement 
of a? Is 0 = a=a a property? 

You have learned that 0 + a =a is the 
identity-element property for addition of 
natural numbers. From your answers for 
Exercise R, you can see that 0-a=a is 
not a property, since it yields a true 
statement only when a is replaced by 0. 
Since 0 - a = a is not a property, the 
number 0 is not an identity element for 
subtraction of natural numbers. 

S Although O is not an identity 
@® element for subtraction, do you 
think that the set of natural numbers 


contains a- number that is an identity 


element for subtraction? 


Now let us see if there is a number 
that is an identity element for 
multiplication of natural numbers. 

A Look at Display 6. What is the natural 


number associated with set M? With set N? 


B Tabulate MXN. 


Is the product 1°3 
associated with MXN? How do you know? 
C Now look at Display 7. Is set N 


equivalent to MXW? Explain your answer. 
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ATi 4A} Phe 


MXN HRs 726 SGed it (O20 de 


D Isil* 3= 383 a true statement? How do 
you know? 

E In Display 8, what is the natural 
number associated with set J? With set K? 


With set L? 


= 1 AO Oe els 
Ltd ee 


F Tabulate JXK. Is the product 1*4 
associated with this set? How do you 
know? 

G Tabulate JXZ. What product is 
associated with this set? How do you 
know? 

H Is set K equivalent to JXK? Explain 
your answer. Is 1 *4.= 4 a true 
statement? How do you know? 

| Is set L equivalent to JXL? Is 

1+ 6=6a true statement? Explain your 


answer. 


In Exercise C you saw that MXW is 
equivalent to set N. In Exercise H you 
noted that JXK is equivalent to set K; 
in Exercise I you noted that JXL is 


equivalent to set L. 


J Suppose that B is any set 
@ associated with the number 1, and 
that A is any set associated with a 
natural number. Will BXA be equivalent 
to set A? Explain your answer. 
K You have noticed that 1 + 3= 3, 


1 ~-4 = 4, -and 1. 6G=> G are«true 


statements. Now suppose that B and % are 
any two sets associated with natural 
numbers, and that 1 = n(B) and a = n(A). 
Do both 


1*a and a represent the number of members 


With what set is 1° a associated? 


in equivalent sets? Do 1° a and a represent 


the same number? 


Now we know that the product of 1 and 
any natural number is identical with the 
natural number. For this reason, we call 
the number 1 the identity element for 
multiplication. 

The fact that the product of 1 and any 
natural number is the natural number 
itself is a property of natural numbers. 
This property is known as the tdentity-— 
element property for multiplication of 
natural numbers. This property may be 
expressed as follows: 


The universe for a is N. For each 
replacement of a, a true statement 
is obtained from 1 * a= a. 


L Do you think that some other 

@ member of N besides 1 is also an 
identity element for multiplication? 

Explain your answer. 

M Look at Display 9. For each statement 

expressed, tell what replacement has been 

made for the variable inl *a-=a. How 


do you know that each sentence expresses 


a true statement? 


N Is the condition that is expressed in 


Display 10 a property? Explain your answer. 


Various symbols may be used to indicate 
division. You may have seen "8 divided by 
4" written in any or all of the following 
ways: 3+4, : 3/4. In this lesson we 
will use both horizontal and diagonal lines 
to indicate division. In Display 11 below, 
for example, " : " means "a divided by a." 


We could have written "a/a" to mean "a+a." 


Because you have often seen fraction 
numerals and ratios written with diagonal 
or horizontal lines, you will have to 
examine a situation carefully before you 
decide whether these lines are being used 
in fraction numerals, ratios, or symbols 
for division. 

0 Let us decide if each of the conditions 
that is expressed in Display 11 is a 
property. Since division is related to 
multiplication, we will think of what each 
condition means in terms of multiplication. 
Notice that the universe for a in these 
conditions does not include zero. Later 


on in this lesson we will explain why we 


have not included zero. 


a 
i 
a 
a 


P The condition expressed by sentence A 
means to find replacements for a that 
satisfy a= 1° a. What natural number 


can we multiply by 1 to obtain the natural 
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number? What property did you use to 
obtain your answer? 

Q Is the condition that is expressed by 
sentence A a property? 

R Now look at sentence B in Display 11. 
The condition a/1 = a means to find 
replacements for a that satisfy a=a-° 1. 
How do you know that a/1 = a is a property? 
§ Look at sentence C. The condition 

1/a = a means to find replacements for a 
that satiety 2 =a «pam Does 1 =lansyea 
yield a true statement for each replacement 


of a? Is 1/a = a a property? 


You have learned that 1 * a =a is the 
identity-element property for multiplication 
of natural numbers. From your answers for 
Exercise S, you can see that 1/a = a is 
not a property, since it yields a true 
statement only when a is replaced by 1. 
Since 1/a = a is not a property, the 
number 1 is not an identity element for 
division. 

T Now you know that 1 is not an 
? identity element for division. Do 
you think that the set of natural numbers 
contains a number that is an identity 


element for division? 


Now we will decide if some other sets 


contain these identity elements. 


A Describe each set tabulated in 


Display 12. 


B Does the set of even numbers contain 
the identity element for addition? For 


multiplication? Explain your answers. 
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C Does the set of odd numbers contain 
the identity element for addition? For 


multiplication? Explain your answers. 


In Lesson 11 you learned that set M, 
tabulated in Display 18, is a number 
system relative to addition and 
multiplication. In this lesson you 
learned that if you add any number to 
the number zero, you obtain the number 
that you added. You also learned that 
if you multiply any number by 1, you 
obtain the number that you multiplied. 
Now we will decide if set M has an 
identity element for addition and an 
identity element for multiplication. We 


will use the tables in Display 18 to help 


us decide. 


D Look at Display 14. How do you know 
that each sentence expresses a true 


statement? 


E Sentence A tells you that when you add 


EK to k, you obtain Kk. Sentence B tells 
you that when you add O to E, you obtain 0. 
When you add any member of M to E, do you 
obtain the member of M that you added? 


F What does sentence C tell you? What 
does sentence D tell you? 
G Why can member O not be an identity 


element for addition of members of M? 


Since the sum of E and any member of M 
is the member itself, EF is the identity 
element for addition of members of M. 

H Sentence E tells you that when you 
multiply O by 0, you obtain O. What do 
sentences F, G, and H tell you? 

| Is the product of member O and any 
member of M the member itself? Explain 


your answer. 


0 is the identity element for 
multiplication of members of M. 
J Why can E not be an identity element 


for multiplication of members of M? 


We have seen that if a set has an 
identity element for an operation, the 
result of performing the operation on 
the identity element and any member of 


the set is that member of the set. 


Now we will study the role of the 
number zero in multiplication of natural 
numbers. 


A Look at Display 15. What is the 


natural number associated with set E? 


With set F? 


You know that to find EX F we must pair 
each member of set EK with each member of 
set F. 

B Since set E has no members, how many 


ordered pairs will there be in EX F? 


C Is EXF the same set as set E, tabulated 
in Display 15? How do you know? 

D What natural number is associated with 
the set that has no members? Is the 
product 0° 2 associated with EXF? How do 
you know? 

E Is0 + 2=0 a true statement? How 

do you know? 

F Suppose that A is any set associated 
wen a natural number. Will { } XA be 
the same as { }? Explain your answer. 

G You noticed that 0 * 2=0 is a true 
statement. You also know that 0 = n{ } 
is a true statement. Now suppose that A 
is any set associated with a natural 
number, and that a = n(A). With what set 
is 0*a associated? Does 0° a represent 


the number of members in the empty set? 


Now we know that the product of zero 
and any natural number is the number O. 
This property is the zero property for 
multiplication of natural numbers. This 
property may be expressed as follows: 


The universe for a is N. For each 
replacement of a, a true statement 
is obtained from 0 + a=0, 


H Look at Display 16. For each statement 
expressed, tell what replacement has been 
made for the variable a in0Q *az=0. How 


do you know that each sentence expresses a 


true statement? 


| How do you know that the condition 


expressed in Display 17 is a property? 
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The properties 0‘ a=0 anda*+0=0 


involve a very important mathematical idea. 


Notice that if the product of two numbers 
is zero, then at least one of those 
numbers is zero. 

J Look at Display 18. We will decide if 
0/a = O yields a true statement for each 
replacement of a from {1, 2, 3, **°}. 

You know that 0/a = 0 means to find 
replacements for a that satisfy 0=0-° a. 
Does 0 = 0+ a yield a true statement for 
each replacement of a from {1, 2, 3, °**}? 
Explain your answer. Does 0/a = 0 yield 

a true statement for each replacement of 


a from {1 2,0) hep aan your 


answer. 


K For each statement expressed in 
Display 19, tell what replacement has 


been made for the variable a in O/a = 0. 


How do you know that each sentence expresses 


a true statement? 
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L If you divide O by any natural number, 
what number do you obtain? Explain your 


answer. 


We have seen that 0/a = 0 yields a true 
statement for each replacement of a from 
{1, 2, 3, ***}. Now we will decide what 
is meant by a/0 for each replacement of a 
from {1,u298, c+} 2 cine othe nl wondsiaaee 
will study the meaning of 1/0, 2/0, 3/0, 
4/0, 


M Look at Display 20. What is the 


universe for a in a/0? 


Suppose we let the quotient a/0 equal gq. 
Then we know that the condition a/0 = q. 
means a= q °* 0. It is clear that there 
is no number that, when multiplied by 
zero, will give a number other than zero. 
Remember that each replacement for a is 
different from zero. Since we cannot find 
a replacement for g that satisfies 
a/0 = q, we say that a/0 is meaningless. 

Now suppose we replace a by O in a/0. 
Then we obtain 0/0. Let 0/0=q. O/0=q 
means’ 0 =.g ~-0. But,.0= 9° 0 yiel@eme 
true statement for any replacement of q. 
For example, if we replace qg by 8 in 
0O=g «0, then'0 = 8 +50 ts -avtrue 
statement. If we replace q by 5 in 
0=q-°* 0, then 0 = 5°: 0 is also a true 


statement. Therefore, the quotient 0/0 


-can be any number. Since we cannot 


determine which number, we say that 0/0 
is tndeterminate. 
To emphasize that a/0 is meaningless 


when a is replaced by any number except 


zero, and also to emphasize that 0/0 is 23 (14 +0) + 85 < 14. + (y +.35). 


indeterminate, we say that division by 24. 3(26 x) = 25° 3. 
zero ts impossible. 25 O47 Bet 7 =O 36 + @i 
(A Ea alt bee es OA et 
On Your Own Zio) wane Ie) = 9°" 4, 
For each of Exercises 1 through 16, 28 Ox + 9= 9. 
Simplify the expression. 29) (Gisiea Cee. =)’ Sy. 
| 16-0 9 13(6 ° 1) 3 (42 + 5)x =.0. 
2 342 + 0) 10 YA7 4 eH 31 Set F, tabulated in Display 21, is a 
Sed. Ae 1 Bl BS. USL SS Ate 17 number system relative to the operations 
40+9+8 12 2(0)8=_0 of addition and multiplication. Is O the 
Bit eyst 0) PSA) Oa identity element for addition? Using the 
6 1(49 + 108) LY. 2 (BFS. 3) 8 28h 65-94) tables in Display 21, write three 
TAN 4a + 10 PRseay, Wed. sentences that explain your answer. 
8. ta5 + 1)2 16, 14 4:8)0 


For each of the conditions in 
Exercises 17 through 80, tabulate the 
solution set. The universe for the 
variables is N. 
beet Aer) ="20. 

164 0-+-19--+ 5 =m: 
to S16 + & ) a2. 


20 8(g) + 8(4) = 4(6 + 4). 32 Is 1 the identity element for 
Pie ul corte )sreiee= co + (b+ 18). multiplication? Write three sentences 
Ze ato” Ayn Plo +40. that explain your answer. 
EXPLORING IDEAS In this lesson you will learn about composite numbers and 
Lesson 13 ‘ 
Booklet 9 prime numbers. 


In learning about composite numbers and 
prime numbers in this lesson, you will use 
{1, 2, 3, ***} as the universe. In other 
words, you will be working with the set of 


natural numbers except zero. You remember 


that {1, 2, 3, ***} is sometimes called 
the set of counting numbers. You have learned that when a true 
A For each statement expressed in Display 1, statement is obtained from a X b= c, the 
what replacements were made for the replacement for a is a factor of the 


variables in a X b=c? replacement for c. The replacement for 6 


Odd and even numbers; composite numbers; 67 
prime numbers; twin primes 


is also a factor of the replacement 

for ¢. 

B How do you know that 2 is a factor of 
6? How do you know that 6 is a factor 
of 6? 

C Is {1, 2, 8, 6} the complete set. of 
factors of 6?. Explain your answer. 

D Tabulate the set of factors of 8: .the 


set-of factors of 12:~the-setvof-factors 


of 13. 


By using factors, we can learn more 
about the counting numbers. 
E Is 1a factor of each member of 
(1,12; 3,>°°3378 Explain your answer. 


F Is 2a factor of 2? How do you know? 


Now we will find other numbers that 
have 2 as a factor. Look at Display 2 at 
the top of this page. 

G In Display 2 the numeral 4 has been 
crossed out. -lsedcasfactomse! i2 4 2enore4? 
H Name the next number after 4 that has 

© as a factor. Is the numeral for this 
number crossed out? 

| Have we crossed out a name for the 


number 2X4, or 8? 


For the number 2XJ5, or 


10° For the number 2X6, or 12? 


Leen 


factor of each of these numbers? Numbers 


that have 2 as a factor are even numbers. 
J Tabulate the set of even numbers less 
than 12. Is 2 a member of this set? 
K Counting numbers that are not even 
numbers are odd numbers. Do odd numbers 
have 2 as a factor? Tabulate the set of 
odd numbers less than 12. 
Look again at Display 2. To show that 
a number greater than 2 has 2 as a factor, 
the numeral 2 has been written below the 
name of that number. Notice that the name 
of the number, 2, we are considering is | 
not crossed out. 
L Beginning with the numeral 4 in Display 
2, 1s every second numeral crossed out? 
Beginning with any even number in 
{1, 2, 3, ***}, is every second number an 
even number? 
M Now we will consider the number 3. Is 
a;anfactor of 38?) Of 3242810 nmgan Olaa ee 
or 9? Of 3X4, or 12? How do you know? 
N Display 8 includes the work in Display 2. 
In Display 8, every third numeral, 
beginning with the numeral 6, has been 
Is each of these numerals a 


crossed out. 


name for a number that has 8 as a factor? 
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0 Notice that the numeral 6 has both 2 
and 3 written below it. Why is this? 
Which other numerals in Display 3 are 
names for numbers having both 2 and 3 as 


factors? 


The type of chart shown in Displays 2 
and 3 is supposed to have been invented by 
a Greek scientist and mathematician named 
Kratosthenes, who lived over two thousand 
years ago. The chart is called the "Sieve 
of Eratosthenes." It is a "sieve" because 
the idea of factor is used to sift out 
certain numbers. 

P Display 4 shows part of the Sieve of 
Kratosthenes for the numbers from 1 through 
12. The numeral 4 is crossed out because 
the number 4 has 2 as a factor. Are 1 and 


Asaiso tactors of 4? Tabulate the set of 


factors of 4. 


mM 


dered, 5) B57 
2 Se X, Ainyh I] iene 


Q Tabulate the set of factors of each of 


the other numbers whose names are crossed 
out in Display 4. 

R How do you know that each number 

® whose name is crossed out must have 


1 as a factor and itself as a factor? 


Reminder: You have learned that a 
true statement is obtained from 


1 * a=a for each replacement of 


the variable. UY = W. (See Lesson 12, 


page 63.) 


A Make a chart of the names of the 
natural numbers from 1 through 100. Write 
the numerals in vertical columns so that 


you will have enough space for your work. 


First, cross out the names for any numbers 
except 2 that have 2 as a factor. Write 
the numeral 2 next to each of these names. 


Display 5 shows how part of your chart 


might look. 


B Now write the numeral 8 after each name 
of a number except 3 that has 3 as a factor. 
Be sure to cross out each numeral you use 
that has not already been crossed out. Part 


of your chart would now look like this: 


C Use your work so far to help you tabulate 
the set whose members are the first five 
natural numbers having both 2 and 38 as 
factors. What other number besides 1 is 
a factor of each member of this set? 

9 D Now consider the number 4. Is 

@ the numeral 4 crossed out in your 
list? Why? Have you already crossed out 
the names for each of the other numbers 


that have 4 as a factor? Why? Write the 
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numeral 4 after the names of numbers 
except 4 that have 4 as a factor. 

E Is the numeral 5 crossed out in your 
list? Write the numeral 5 after each 
name for a number except 5 that has 5 as 
a factor. Be sure to cross out each 
numeral you use that has not already been 
crossed out. 

F Have you already crossed out the numeral 
6? How could you know without looking that 
the numerals for all the other numbers 
having 6 as a factor are already crossed 
out? Write the numeral 6 after each of 
these names. 

G Continue to work in this manner with 

7, 8, 9, and any other factors you need. 
Work until you are sure you have crossed 
out all numerals except those whose numbers 
have no other factors except 1 and the 
numbers themselves. Why will you not 
cross out the numeral 18, for example? 
Be sure to write the names of all the 
factors of the number opposite each 
crossed-out numeral. After you have 


finished, part of your work might look 
like this: 


RFE SEN 


56 2,5,10,25 


Kt 3 
Ekta sls 
5 2,3,6,9,18, 27 


Sa a a as 


H How do you know that each 
@® number whose name is crossed out 
in your list must have more than two 


factors? 
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Numbers that have more than two factors 
are composite numbers. 
| Is 4 a composite number? How do you 
know? Tabulate the set of composite 


numbers that are less than 20. 


composite number (kam poz'it). A 
member of {1, 2, 3, ***} that has 
more than two factors. The factors 
of 8 are 1, 2, 4, and 8; therefore, 

The factors 


8 is a composite number. 
of 5 are 1 and 5; 5 is nota 
composite number. 


J Tabulate the set of composite numbers 
from 20 through 80. Is this set a subset 
of the set of even numbers? Explain your 
answer. 
K Is each numeral that is crossed out in 
your chart the name of a composite number? 
Explain your answer. 
L Is each numeral that is not crossed out 
the name of a composite number? Explain 
your answer. 
M Tabulate the set of numbers from 

@® i through 10 that have exactly two 
factors. Is 1 a member of this set? 
Explain your answer. 
N Numbers that have exactly two factors 
are prime numbers. Is 1 a prime number? 


Is 2 a prime number? Is 8 a prime number? 


Explain your answers. 


A member of 
>>} that has exactly 
two factors. The only factors of 
7 are 1 and 7; therefore, 7 is a 
prime number. 


prime number (prim). 
12y a4 3, 


0 Tabulate the set of even numbers from 
1 through 10. Which members of this 
set are prime numbers? 

P Is 12 a prime number? Is 14 a prime 


number? Is any even number greater 


than 2 a prime number? Explain your 
answer. 

Q Look at Display 8. Is each member of 
set S a prime number? Is $8 the set of all 


prime numbers? Explain your answers. 


Six Har? ind 18 a7intOds 


R Hor each member of 8, tabulate the set 
of factors of that member. Is each prime 
number a factor of itself? What is the 
other factor of a prime number? 
S The square of 5 is 5X5, or 25. 
® Tabulate the set of factors of 25. 
The square of 7 is 7X7, or 49. Tabulate 
the set of factors of 49. If a number 
is a square of a prime number, the square 
has how many factors? How do you know? 
T Is there a member of {1, 2, 3, +++} 
whose set of factors is the empty set? 
What is the least number of factors that 
a member of {1, 2, 3, ***} can have? 
U Is there a member of 
@ (1, 2, 3, ***} whose set of factors 
is an infinite set? Explain your answer. 
? VY Is the union of the set of 
primes and one set of composites 


equal to the set of counting numbers? 


Explain your answer. 


A Now look at Display 9. The display 
includes the names of the prime numbers 
that are less than 60. The prime numbers 
from 1 through 10 are named in the first 
row; the prime numbers from 11 through 20 
are named in the second row; and so on. 
Copy and complete the chart in Display 9 
so that it includes the names of all prime 
numbers from 1 through 100. Use the chart 
you made to help in doing this. 


9 

1 through 10 ON ee Ee oe ae 
11 through 20 a) 13 ti gek 
£1 through 30 23 29 


381 through 40 31 37 
41 through 50 41 43 47 


51 through 60 53 59 


B Now consider each member of {1, 2, 3, 
not just the members less than 101. Is it 
likely that every ten members of this set 
(the numbers from 101 through 110, from 1114 
through 120, and so on) will include the 
same number of prime numbers? 
C Do you think that there is a 

@ ¢reatest prime number? Explain your 
answer. 
D Some prime numbers have only one other 
natural number between them. What is the 


first pair like this shown in Display 9? 


Two prime numbers are called twin primes 
if their difference is two. There is just 
one natural number between twin primes. 

E What other twin primes are named in 
Display 9 besides 3 and 5? 

F Look at the chart that you made for the 
numbers from 1 through 100. What twin 
primes are greater than 6 and less than 


101° 


Mathematicians have wondered whether 
there is a largest pair of primes that are 
twin primes. No one knows the answer to 
this question, but there is good evidence 
to support the belief that the set of twin 
primes is an infinite set. 

G Now look at Display 10 on page 72. Is 


the number 8 expressed as the sum of two 


vn 


prime numbers? Is each of the other 
even numbers expressed as the sum of two 


prime numbers? 


10 
| Nea r= oa we C32 


Pais bP 208- 2 Po A D 14 


H Express each of the following even 
numbers as a sum of two prime numbers: 


A&6> 16) Fx0;eeOy 425) pote ned 


You can see that all the even numbers 
in the chart that you made can be 
expressed as the sum of two prime numbers. 
Mathematicians know that this is true of 
very large even numbers, but they do not 
know if it is true of all even numbers. 
| Now look at Display 11. The universe 
is the set of counting numbers greater 
than 1. The first row of the table tells 
us that 3 is the only prime number between 
2 and 2X2, What prime fumber is between 


38 and 2X3? Between 4 and 2X 4? 


Wisaiapoajad,; 


2X Prime numbers 
between x and 2x 
Tits 
Beet ty aera 


J What prime numbers are between 16 


and 2X16? What prime numbers are between 


30 and 2x30? 
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Mathematicians have wondered whether 
there is always at least one prime number 
between a number greater than 1, and two 
times that number. They have been able to 
prove that no matter how great a number is 
selected, there is always at least one 
prime number between the selected number 


and two times that number. 


On Your Own 
Tabulate the set of factors of each 

number named in Exercises 1 through 8. 
L234 3 %20 bu OZ Pnele7 

Lis 4 32 6c 220.58 6227 

9 Which of the numbers named in Exercises 
1 through 8 are prime numbers? Which are 
composite numbers? 

10 {1, 19} is the set of factors of what 
number? 


Il A is the set of factors of any prime 


number. How many members does A have? 


12 In this lesson you learned about twin 
primes. Are there any numbers that could 
be called triple primes? If so, name them. 
Three primes are triple primes if there is 
just one natural number between the first 
and second and between the second and third. 
I3 K is the-set of factors) of6:' L asia 
set of factors of 4. Is one set a subset 
of the other? Explain your answer. 

14 How many even numbers have just two 


factors? Name these even numbers. 


Kach numeral in Exercises 15 through 18 
is written in a base other than ten. Use 
a base-ten numeral to name the number that 
each numeral expresses. Then tell whether 
the number is odd or even. 

15 11 (base three) 17 88 (base five) 
16 12 (base five) 18 101 (base two) 


19 12 expresses an even number; the 
ones' digit is the numeral 2. What other 
symbols can be the ones' digit of a base— 
ten numeral for an even number? Give an 
example for each answer. 

20 107 ne Cupresses an even number; the 
ones’ digit is 1. What other symbols 
could be the ones' digit of a base-three 
numeral for an even number? Give an 


example for each answer. 


For each number named in Exercises 21 
through 28, tell whether that number is 
even or odd. Try to answer these exercises 


without simplifying the expressions. 


XD oe ES Lig eS = 237 
£283. tow, Oe ee 28 5(9 + 18) 
RanO Xe X 3 .e 26, al at 7) 


29 Copy the following table and complete 


it for natural numbers from 1 through 380. 


Use the table you made for Exercise 29 
to help you answer Exercises 30 through 32. 
30 Which numbers have exactly two factors? 
31 Which numbers have exactly three 
factors? 
Shee WANG Mn ieTsS LOT. e oho Ady ey Ribot. 
30}, for what numbers will 2n become the 


sum of the factors of nm? These numbers 


are perfect numbers. It is not known how 
many perfect numbers there are or whether 
there are any odd perfect numbers. 

33 In this lesson you made a chart of 
the names of numbers from 1 through 100 
and their factors. Use this chart to help 
tabulate the set of perfect numbers from 

1 through 100. 

34 Is 2 a factor of each of the components 
of (12,24)? Explain your answer. What 
other numbers are factors of each of the 


components of (12,24)? 


For each ordered pair named in Exercises 
30 through 40, name two numbers each of 
which is a factor of both the first 


component and the second component. 


35 (7,14) 38: (10,16) 
36) (6,8) oo) (45 ek) 
37 (100,200) 40 (26,130) 


4! If the replacement for x is a factor 
of the replacement for y, and the 

replacements are not equal, from which 
of these conditions will you obtain a 
true statement? 
ys ae DAR x say. 

For each number named in Exercises 42 


through 49 tell what prime numbers are 


factors of that number. 


42 84 45 286 48 840 
43 89 46 10,000 49 660 
yy 112 47 3000 


For each ordered pair named in 
Exercises 50 through 538, find the greatest 
number that is a factor of each of the 
components of that pair. 

50 (30; 60) be » (705 180) 
BLL Ay ya) 53. (98,1) 
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EXPLORING IDEAS 
Lesson 14 


Booklet 7 of a number. 


A Look aty Display 2.) Firstr24 is 
expressed as the product of 4 and 6. Are 
4 and 6 prime numbers? What prime numbers 


can be multiplied to obtain 4? To obtain 6° 


B lfowewthinkvof'4 as: 2k.2) and Gvag2<x 7, 
then we think of 24 as 4X6, or 

2X2X2X3,. Are 2 and 3 prime numbers? 

Have we expressed 24 as a product of prime 
numbers? 

C Are 2X2X2X3 and 2*X3 the same number? 


Explain your answer. 


Reminder: Numbers like 2° are powers. 
The base of 2° is 2, and the exponent 
of 2*> is 3. The exponent tells us 
how many times the base is used as a 
factor.) In'27? 62 is used as a factor 
three times® 8869.27 H2o% 2) ko 27S% 
true statement. (See page 33, 

BOOKLET 5. ) 


D Now look at Display 2. In 20X35, which 
factor is not a prime number? How was 


2X10X5 obtained from 20 X 5? 


OAV. 
fo) AN Es Oe 


2 Xi. 258 Saray 
22 Ge 


E In 2X10X5, which factor is not a prime 
number? How was 2X2xX5X5 obtained from 


2 LO X57 


In this lesson you will learn about the prime factors 


F When we think of 100 as 2X2X5X5, are 
we thinking of 100 as a product of prime 
numbers? Is 2*X5* the same number as 
2X2xX5X5? How do you know? 

G Now look at Display 3. In 10X35, is 


either factor a prime number? 


10 X 30. 


2X 6 X 36. 


H How was 2X5X35 obtained from 10 X 35? 

In 2X 5X35, which factor is not a prime 
number? This factor can be expressed as 

the product of what prime numbers? 

| When we write 2X5X5X7, have we 
expressed 350 as a product of prime numbers? 


Use power notation to express 2X5X 5X7, 


Reminder: When we write 10? to 
express the number 100, we are using 
power notation. By using power 


notation, we can express the number 
18, or 2X3X3, by the numeral 2x 3?. 
(See page 38, BOOKLET 5.) 


You have expressed the number 24 as 
2X2xX2X3, or 2>X3, You have expressed 
the number 100 as’ 2.x 2X 5)% 5) or 27x ome 
You have expressed the number 3850 as 
2X 5X57, of 2X5? XZ) In each case you 
have thought of a number as a product of 
prime numbers. Mathematicians have shown 
that any composite number can be thought of 
as a product of prime numbers. For example, 
B= 2X S,! 8 Oe GraNg 7 IONE Oo, alee 
so on. When we express a number as a 
product of prime numbers, we say that we 
have found a complete factorization 


of the number. 


74 Complete factorization; unique factorization property; 


common factor; greatest common factor 


Complete factorization 


(fak'tor a za'shen). If a composite 


number is expressed as a product of 
prime numbers, the product is a 


complete factorization of the 

given number. 3X5 is a complete 
factorization of 15. Both 3x3x2 
and 3*X 2 are complete factorizations 
Gi 18: 


Mathematicians think of a prime number 
as a complete factorization of itself. 
2 is the complete factorization of 2, 3 is 
the complete factorization of 3, and so 
on for each prime number. 
J Which numbers in Display 4 are 


expressed as products of prime numbers? 


120 = 4X30. 
ees eK Ko. 


144 = 2 X 72. 


K If we divide 12 by 4 we obtain 3; 
oland 4 are factorsvof 12. But 4 is not 
a prime number. ‘So we continue to 

If we divide 4 by the prime 


Poss 1s..a 


divide. 
number 2, we obtain 2. 
factor Of 4oandsalse of 12. “Is'2 x 2X3, 
or 2*X3, a complete factorization of 12? 
L Find a complete factorization of each 
of the numbers expressed in Display 4 
that is not already expressed as a 
product of prime numbers. Use power 
notation in your answers. 

Notice that we can use division to help 
us find the factors of a number. A factor 
of a number divides the number without a 
remainder. For example, 4 is a factor of 12 
because it divides 12 without a remainder. 
12/4 = 3. We say in this example that 12 
is divisible by 4. Each number is 


divisible by any of its factors. 


We can also use division to test whether 
a number is a factor of another number. 
17 is not divisible by 5. 
factor of 17. 
M How do you know that 144 is divisible 
by 36? 
Nrele 14a factor of 27 


noo ig You a 


Explain your 
answer. 

0 Find a complete factorization of each 
member of {28, 32, 45, 75, 98, 121}. Use 
power notation to express your answers. 

P Is 2X9X7 a complete factorization of 
126° 
Q Simplify each of the following 
uO Ki. 2h Mo Ia Kee Kae 


Explain your answer. 


expressions: 
R Does each expression in Exercise Q 
represent a complete factorization of the 


number 24? 


Mathematicians have shown that any 
counting number greater than 1 can be 
expressed as a product of prime numbers in 
just one way, but the numbers may be used 
For example, 2, 5, and 3 
There 


in any order. 
are the only prime factors of 30. 
is only one complete factorization of 30, 
but you may use the numbers 2, 5, and 8 in 
any order you wish. This property of 
counting numbers greater than 1 is 


expressed below. 


Every counting number greater than | 
can be factored into primes in only 
one way, except for the order in which 
the primes occur in the product. 


This property is the unique factorization 
property of the counting numbers. The 
word unique as used here means that there 
is just one way to express a number as a 
product of prime numbers. 

S Now look at Display 5 on the next 


@ page. 6 is expressed as a product 


75 


in how many different ways? Which product 


is a complete factorization of 6? 


3 
es 


A 6 
Bio w em 3M i 
CG) 62-2 x°a XX 1k 


T Suppose that the number 1 is 
® considered to be a prime number. 
How many different complete factorizations 
of 6 would there be? Explain your answer. 
U If we considered 1 as a prime 
@ number, would there be a unique 
factorization property of counting numbers? 
Explain your answer. 
V Find a complete factorization of 18. 
Find a complete factorization of 46. 
W How do you know that 18 is an even 
number? How do you know that 45 is an 


odd number? 


Now you will relate the factors of 
one number with the factors of another 
number. 

A look at Display 6. Which set is the 
set of factors of 8? Which set is the 


set, of Glactorswoii20e 


= ADS Zeer 


ily 2p wow UT. 


B Is & axfactomof Bris 2 also a 
factor of 20? When a number is a factor 
of two other numbers, it is a common 
Lacton, 

CIs, 2 a common, factor of, 8 and 20% 14 
4 a common factor of 8 and 20? How do 
you know? 

D Tabulate the set of common factors of 


& and 20... Ls this, set avsubdset! of the 
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set of factors of 8? Is this set a subset 
of the set of factors of 20? 

E Tabulate the set of factors of 12. 
Tabulate the set of factors of 30. Tabulate 
the set of common factors of 12 and 30. 

F Tabulate the set of common factors of 
Stand 3. \Of - andi s7. | Oheeanares 

G How do you know that {1} is the set of 
common factors of any pair of prime 

numbers? 

H Tabulate the set of common factors of 


BO. vane soe 
factors of 15 ‘and 2/2 


Tabulate the set of common 


| Is {1, 2, °4} the set of common factors 
of 12 and 16? What is the greatest member 
of {1, 2, 4}? This number is the greatest 


common factor of 12 and 16. 


Greatest common factor. 
The greatest common factor of two 
counting numbers is the greatest 


number that,.is a, factor ofboth 
of them. 15 is the greatest 
common factor of 380 and 465. 


J Is {1, 2, 7, 14} the set of common 
factors of 14 and 28? What is the 
freatest common factor of 14 and 28? 

K Tabulate the set of common factors of 
£6 and 180. 


be a common factor of 26 and 180? 


Can a number greater than 26 


L To find the common factors of 100 and 
£10, you would first find all the factors 
of 100 and all the factors of 210. How 
would you determine which numbers are the 
common factors of 100 and 210? How would 
you determine which number is the 
greatest common factor? 

M Look at Display 7 on the next page. 
Tabulate the set of common factors of 100 
and 210. 


What number is the greatest 


common factor? 


ewe oO,  4, (Os LOGO 25, 
50, 100}. 


PUA L ede OME, Los 14, 
15, “235, 30,0, 42, 70, 
105, 210}. 


When numbers have many factors, it is 
inconvenient to tabulate the set of 
factors of each number. There is an 
easier method of determining the greatest 
common factor of two numbers. 

N Look at Display 8. Is 100 expressed 
as a product of prime numbers? Is 210 


expressed as a product of prime numbers? 


LXE DOK Pe ( 
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0 What prime numbers are factors of both 
100 and 210? What is the product of these 
prime factors? Is this product the 
greatest common factor of 100 and 210? 

P Find a complete factorization of 300. 
Of 580. 

Q What prime numbers are factors of both 
300 and 550? 

R What is the product of the common prime 
factors of 3800 and 550? Is the product 
the greatest common factor of 300 and 550? 
Is the product of 2 and 5* the greatest 
common factor? 

You have discovered that 2 and 5 are 
the common prime factors of 300 and 550. 
But) 5? is also a factor of both 300. and 
550. We therefore use 5? to find the 
greatest common factor. 2? is a factor 
of 300 but not of 550. 2? cannot be used 
to find the greatest common factor. We 


always use the greatest power of a common 


prime factor that is found in both numbers. 


5? and 2 are the greatest powers of 5 and 


2 to be found in both 300 and 550. 


A Look at Display 9. Are 2 and 8 the only 


common prime factors of 24, 86, and 120? 


Compo oxo. 


Boe ety Be 
oxegXegx3 Xd, 


B For each complete factorization expressed 
in Display 9, tell how many times 2 is used 
as a factor. How do you know that 2? is 
the greatest power of 2 that is a factor of 
24, do; and L207 
C For each complete factorization 
expressed in Display 9, tell how many times 
3 is used as a factor. How do you know 
that 8, or 8', is the greatest power of 8 
thatessvancomtion factorvof (24, .86, and 120? 
D Now you know that 2? and 8! are the 
greatest powers of the prime numbers 2 and 
3 that are also common factors of 24, 36, 
and 120. What is the product of 2? and 3? 
Is 2* X 3, or 12, the greatest common 
factor of 24, 36, and 120? 
E Find a complete factorization of 14, 21, 
and 28. What prime numbers are common 
Pactors of 14) 21. “and 28? 
F For each common prime factor of 14, 21, 
and 28, tell what power of the prime number 
Yenatso*a common factor of 14, £1, and 28. 
Is the product of these powers the 
greatest common factor of 14, 21, and 28? 
G Find the greatest common factor of 100, 
igo, and 75. 

Now you know how to find the greatest 
common factor of two or more numbers. You 
can do this in two ways. You may tabulate 


the set of factors of each number and then 


fas 


find the greatest number common to both 
sets. Or you may find a complete 
factorization of each number. Then you 
find the product of powers of the common 
prime factors of the numbers. You use 
the greatest power of each prime number 


that is a factor of all the numbers. 


On Your Own 

| Tabulate the set of factors of each 
number named below. You will use these 
sets to help you answer Exercise é. 
a6 Gist g 30 Dh 2 
b 8 e 16 Pee k 45 
CHa iT, ek by 23 Lae 

2 Using your answers for Exercise 1, 
tabulate the set of common factors of 


each pair of numbers named below. 


ay 6573 qiiier, “Lo g 6, 26 
bit Cenk, Cw RLO hiss nies bare 
Cra 15, “30 TBO. LAs 


3 Name the greatest common factor of 


each pair of numbers named in Exercise &. 


4 Name the greatest common factor of 


each group of numbers named below. 


a 15, 25 e 15, 30, 86 
b 18, 30 € Gule CAI oR 
c 24, 36 g 40, 48,72 
d 36, 45 h 20, 50, 100 


5 What is the greatest common factor 
of 1vand 6? \ Of L and. 8?" OF avand 3008 
Of d and “any menber Of dgerema, Ars 

6 Do any two members of {27,42, 3, ***} 
always have a common factor? If so, 
what is the common factor? 

7 Tabulate a set of three composite 


numbers such that the only common factor 


of the numbers is 1. When the only common 


factor of composite numbers is 1, the 


composite numbers are relatively prime. 


8 Are 9 and 10 relatively prime? Are 9 


and 18 relatively prime? Explain your 


answers. 


9 What is the greatest common factor of 


any two prime numbers? How do you know? 


10 For each pair of numbers named below, 


first find a complete factorization of 
each number. Then name the greatest 


common factor of the two numbers. 


a 24, 60 e 60, 84 

b 36, 90 f 165, 234 

¢ 72,.108 g 306, 1173 
d 25, 125 h 2040, 2184 


11 The following pairs of numbers are 
named by base-seven numerals. Find the 
éreatest common factor of each pair of 
numbers. Express your answer as a base— 


seven numeral. 


a ‘15 : 

seven seven 
De 0) he 

seven Seven 
Cur OO! i se IID) 

seven seven 


12 Determine the least prime factor of 
each number named below. 

amid ont s cit e” bag 

b 135 d 484 Tt tek 

13 What number is the least prime factor 
of any even number? 

14 For each exercise below, name the 


least number that has both numbers as 


factors. 
EDT ED A Dem Tee ea Clie ae 
Diy ee ier Ae) faye 


15 Suppose that axb means that axb is the 


greatest common factor of a and ). 
a Is the set of counting numbers closed 


under the operation *? 


b Is operation * commutative for counting 


numbers? Give two examples to explain 


your answer. 


1234567891011 1213 1415 16 17 18 19 20 21 22 23 24 25 SH 70 69 68 67 66 65 64 63 62 61 
78 (0887) 
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